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Preface 


Volume II of the T’ransactions of the Society of Rheology (1958) is a 
collection of the papers presented at the annual meeting of the Society 
held at the Textile Research Institute in Princeton, New Jersey, on 
November 7-9, 1957. In cases where the papers in full are not in- 
cluded, abstracts are given. The address of presentation of the 
Bingham Meda! to Dr. Clarence M. Zener, by Dr. Arthur 8. Nowick, 
is included at the beginning of the volume, following the custom es- 
tablished in Volume I. 


The Society of Rheology was founded almost thirty years ago, on 
December 19, 1929, largely through the vision and efforts of the late 
Professor Eugene C. Bingham of Lafayette College. The founding 
of the Society was an outgrowth of a series of Viscosity and Plasticity 
Symposia dating back to 1924, which indicated a lively and wide- 
spread interest in this general field. The word “Rheology” was sug- 
gested (by Professor Bingham) as an official name for the science of 
the deformation and flow of matter. The Society is a member of the 
American Institute of Physics, and, in fact, was one of the founder 
Societies of the Institute. The Society is also affiliated with the 
American Association for the Advancement of Science. 


Collections of papers presented at annual meetings in the past have 
been published as Symposia in other journals—notably the Journal 
of Colloid Science and the Journal of Applied Physics. However, in 
1957 it was decided to initiate a new journal, Transactions of the 
Society of Rheology, which would publish the papers from the annual 
meeting under an expanded and more flexible editorial policy. Vol- 
ume I, published in 1957, contained papers presented at the annual 
meeting held at the Mellon Institute in Pittsburgh, Pennsylvania, on 
November 7-9, 1956, together with the presentation address of the 
Bingham Medal to Professor Arthur V. Tobolsky by Dean Sir Hugh 
8S. Taylor. Volume I was well received, and this encouraged the 
Society to establish Transactions of the Society of Rheology as a perma- 
nent publication. 
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PREFACE 


The other publication of the Society is the Rheology Bulletin, which 
is ordinarily issued three times a year, one issue of which gives ab- 
stracts of papers to be presented at the annual meeting together with 
details concerning the meeting. 

Current officers of the Society are as follows: 


President: Vice-President : 
J. H. Dillon J. H. Elliott 
Textile Research Institute Hercules Experiment Station 
Princeton, N. J. Wilmington, Del. 
Secretary-Treasurer: Editor: 
W. R. Willets R. D. Andrews, Jr. 
Titanium Pigment Corp. Plastics Research Laboratory 
99 Hudson Street Room 7-006, M. I. T. 
New York 13, N. Y. Cambridge 39, Mass. 


The governing body of the Society is the Executive Committee, 
which consists of the Officers, the most recent living Past President 
(F. D. Dexter, Union Carbide Plastics), and two other members 
elected by the Society. For 1958-59 the latter are: R. 8S. Marvin 
(National Bureau of Standards) and R. 8. Rivlin (Brown University). 


R. D. Andrews, Jr. 


Cambridge, Massachusetts 
December 39, 1958 
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Presentation of the Bingham Medal to 
Clarence M. Zener 


ARTHUR 8S. NOWICK, I.B.M. Watson Laboratory, Columbia 
University, New York, New York 


In 1937 our medalist, as a young 
theoretical physicist, decided to step 
down from the lofty heights of the 
quantum theory to attack an in- 
teresting problem in rheology. Ait 
that time Dr. Zener had behind him 
a succession of significant achieve- 
ments in the field of quantum 
mechanics. He had made important 
contributions to the theory of the 
hydrogen molecule as a graduate 
student at Harvard University, and 
to the theory of the lithium atom 
during a postdoctoral fellowship in 
Germany. In subsequent work at 
Princeton and then in England he 
had become interested in the solid state and had made contribu- 
tions to the theory of the optical and electrical properties of solids. 
Much of this work of his early period of research is now classic and 
may be found quoted in any textbook on quantum mechanics or solid 
state physics. The abrupt change of interest in 1937 came about as a 
result of an attempt to determine the origin of internal friction (or 
damping) in metals. In seeking possible mechanisms for this damp- 
ing, he noted that a reed vibrating in flexure would show an energy 
loss due to the heat flow from the stretched (or cooled) side across to 
the compressed (or heated) side. He showed that internal friction as 
a function of frequency goes through a maximum and related the fre- 
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4 CLARENCE M. ZENER 


quency of the maximum to the thermal diffusivity and the thickness 
of the reed. 

After this work, Dr. Zener was prompted to move in two directions. 
On the one hand he sought to generalize his theory to other related 
mechanisms. In particular, he recognized that in polycrystalline 
metals there would be a similar source of energy loss due to thermal 
currents between grains, originating in the elastic anisotropy of the 
metal. On the other hand he realized that the data required to con- 
firm his predictions concerning these mechanisms of internal friction 
were not available and would require experiments designed specifi- 
cally to look for the effects in question. He therefore turned experi- 
mentalist for a period of time, and together with some of his colleagues 
and students at the City College of New York, carried out a series of 
experiments which confirmed in all details his theory of damping 
originating in thermal currents. 

About the same time Dr. Zener became interested in a strongly 
temperature-dependent internal friction found in polycrystalline 
metals. He concluded that this behavior could be attributed to a 
viscous property of grain boundaries at high temperatures. Such 
ideas were not readily accepted by many metallurgists to whom the 
concept of treating a grain boundary as a viscous layer seemed to be 
at variance with the prevalent notions of the structure of the grain 
boundary. Subsequent experiments by Dr. Zener and his collabora- 
tors (particularly the later work at the Institute for the Study of 
Metals with the Chinese physicist T. 8. Ké), vindicated the concept 
of the viscous grain boundary and demonstrated the generality 
of the phenomenon. Today this source of internal friction is an im- 
portant metallurgical tool for the study of the grain boundaries of 
metals. Even the minutest changes of composition in the grain bound- 
ary which cannot be detected by any other means will have a pro- 
found effect on the grain boundary internal friction. 

Dr. Zener’s work on the various mechanisms of internal friction was 
interrupted by the war when he left academic life to take up work at 
the Watertown Arsenal in Massachusetts. Here he worked on prob- 
lems of flow and fracture, particularly of steel, and his contributions in 
this field are still widely quoted. 

In 1945 he joined the staff of the newly formed Institute for the 
Study of Metals at the University of Chicago. Here he began to 
systematize the work that he had done before the war on various 
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mechanical relaxation phenomena. After experimenting with some 
of his ideas in the form of an article called “‘Anelasticity of Metals,”’ 
he finally published his book entitled ‘Elasticity and Anelasticity of 
Metals” in 1948. The term “anelasticity” he defined as linear vis- 
coelastic behavior which involves limited strain that is completely 
recoverable after removal of all the stresses. Dr. Zener’s insight in 
separating ‘‘anelastic’’ behavior from other types of viscoelastic 
effects were made apparent as he showed how the same formal theory 
permitted one to treat a variety of relaxation phenomena in metals. 
The word “‘aneiasticity” is now standard terminology among metal 
physicists, and Dr. Zener’s book, though nearly 10 years old, is still 
the basic reference in this field. The various phenomena discussed in 
this book were so simply and directly interpreted that they have 
served as the starting point for those working with complex materials. 
One of the most beautiful relaxation effects was discovered in 1943 by 
Dr. Zener during his experimental work at Washington State College. 
He found that a single crystal of alpha-brass showed a sharp sym- 
metrical peak of internal friction versus reciprocal absolute tempera- 
ture such as to suggest an anelastic phenomenon controlled by a 
single time of relaxation. In the paper in which the data were pre- 
sented, possible interpretations were offered for the effect in terms of 
clusters of solute atoms or crystal imperfections. Evidently Zener 
did not believe these mechanisms himself, for he used a modified 
explanation in a publication three years later. Finally, while at the 
Institute, an interpretation as appealing and as simple as the phenom- 
enon itself occurred to him, namely, the concept of stress-induced 
reorientation of pairs of solute atoms. According to this concept, 
each pair of foreign atoms in the crystal has a preferred direction un- 
der an applied stress, and therefore a relaxation in the distribution of 
such pairs will take place if sufficient time is allowed for diffusion. 
This phenomenon, which has since been shown to be common to essen- 
tially all substitutional solid solutions, is now referred to as the Zener 
relaxation, and the internal friction peak as Zener’s peak. Of course, 
peaks have been named after their discoverers before; but it may be 
consoling to Dr. Zener to know that long after Pike’s peak has dis- 
appeared from the face of the earth, Zener’s peak will still be with us. 

The period at the Institute for the Study of Metals was a most ex- 
citing one. Here “anelasticity” was born and grew to maturity as it 
quickly became recognized as a powerful tool of the metal physicist. 








6 CLARENCE M. ZENER 


Dr. Zener’s keen physical insight always seemed to point to the prob- 
lems that were most worth investigating. He showed how a diffu- 
sion coefficient could be obtained from the measurement of an in- 
ternal friction peak or of stress relaxation at temperatures so low that 
conventional diffusion measurements would have taken an inconceiv- 
ably long time. He also showed how the growth of particles of a 
second phase could be studied by anelastic techniques. Those of us 
who were fortunate enough to work with Dr. Zener during this period 
found that there were so many exciting experiments to be done that 
no one of us could find time to improve the appearance of the appara- 
tus or to make it more automatic in its operation. For low frequency 
and static measurements, the group continued to use a very simple 
type of torsion pendulum (originally designed by Ke), consisting of a 
specimen in the form of a wire hanging in a tubular furnace with an 
inertia member at the bottom. It was such a simple piece of equip- 
ment that Dr. Cyril Smith, Director of the Institute for the Study of 
Metals, remarked that he used to enjoy surprising visitors by taking 
them to see the pendulum right after they had been shown the great 
450 m.e.v. cyclotron at the University of Chicago. Indeed, the re- 
markable results derived from this simple pendulum under Zener’s 
guidance made it almost the trademark of the Institute. 

After 14 years devoted to the study of viscoelasticity, Dr. Zener de- 
veloped a fear of stagnation. He made a conscious effort to do some- 
thing totally different and found himself returning to his original field 
of study, the quantum theory of solids. This time he tackled the 
theory of ferromagnetism and was daring enough to ask the question 
‘‘Why are some metals ferromagnetic?’”’ This question had not been 
raised seriously for twenty-two years, since Heisenberg had proposed 
his mechanism to interpret ferromagnetism. Zener quickly ruled out 
Heisenberg’s theory and substituted an entirely new idea of his own. 
It appears that the conflict thus engendered has not yet died down, 
but there seems to be no question that the stirring up of the magnetic 
pot did much to put new life into an old field of study. 

The latest period in Dr. Zener’s career began in 1951 when he left 
the Institute for the Study of Metals to take a position as Associate 
Director of Research at Westinghouse. Subsequently he has become 
Director of the Westinghouse Research Laboratory. This change has 
decreased the amount of time available to him to do work that is en- 
tirely his own, but if my own contact with him is any indication, he is 
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sapable of filling even as large an organization as the Westinghouse 
Laboratory with ideas and inspiration. 

It seems remarkable that one who has made important theoretical 
contributions in such diverse fields as ferromagnetism, diffusion, and 
phase transformations, as well as several others, could still have found 
the opportunity to carry out extensive enough work in the field of 
rheology to earn the highest award of the Society of Rheology. Al- 
though Dr. Zener’s work in rheology may total only about 40% or 
less of his scientific output, his work in this field represents the founding 
of a new branch of the physics of metals. The impact of his work, 
however, is by no means confined to the study of metallic solids, since 
the mechanisms that he has introduced are usually related to elemen- 
tary atomic movements in simple atomic structures, and are therefore 
of general interest. I believe that the Society of Rheology could not 
have chosen more wisely in selecting for this year’s Bingham meda- 
list, Dr. Clarence Zener. 
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Rheology of Peeling in a Newtonian Liquid 


J. J. BIKERMAN and WILLIAM YAP, Department of Civil 
and Sanitary Engineering, Massachusstts Institute of Technology, 
Cambridge 39, Massachusetts 


I, INTRODUCTION 


In experiments on adhesive joints, the force required to peel off 
(or strip off) a ribbon glued to a rigid plate! or to separate by peeling 
two ribbons glued together,? or the work expended on any of these 
peeling operations are often measured and the results are considered 
to represent the “force of adhesion” or “the work of adhesion’’®; 
far-reaching conclusions have been drawn from data thus obtained.‘ 
On another view, however, the force and the work of stripping are 
largely of rheological nature’ as are the force and the work of tensile 
rupture. In this paper, an approximate rheological theory of 
peeling is derived for a Newtonian liquid as the adhesive, and ex- 
periments which seem to confirm the theory are described. A theory 
of peeling through a Hookean solid has been presented elsewhere.’ 


Il, AN APPROXIMATE THEORY 


1. The experiments reported in Section IV were done on systems 
outlined in Figure 1, in which P is a rigid plate, RF is a flexible ribbon, 
W and W are weights attached to or near the ends of the ribbon, 
and A is the adhesive film. The experiment consists in pressing the 


ea o/ = 


Fig. 1. Side view of a joint being peeled. P, rigid plate; R, flexible ribbon; A, 
adhesive; W, weights; M, menisci. 
9 
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ribbon against the plate until a definite thickness (yo) of the film is 
attained, releasing the pressure, and determining the time (¢,,) until 
the ribbon falls off. Analogous experiments with two rigid plates 
(instead of plate and ribbon) have been described earlier.* 

As soon as weights W are free to act, several processes start. 
The curvature of the ribbon increases. The liquid film, which initially 
was yo cm. thick over the whole pressed area, is forced to assume a 
wedge-like shape, and the wedge gets thicker and shorter as time goes 
on. This flow naturally is retarded by the viscosity » of the liquid, 
and the time ¢,, is determined by the rate at which the viscous fluid 
can follow the movement of the ribbon. The bending of the ribbon 
in its turn must depend on the product Z/, E being the modulus of 
elasticity of the ribbon material and J the moment of inertia of the 
ribbon; if the width of the ribbon (normal to the plane of paper in 
Fig. 1) is w and its thickness is 6, then J = wé*/12. 

The mair. phenomenon described in the foregoing paragraph was 
associated with two secondary processes. The liquid menisci M 
(see Fig. 1) gave rise to capillary pressure y/r, where y is the sur- 
face tension of the liquid and r is the radius of curvature of line M. 
If 2/ stands for the length of the ribbon, this capillary pressure exerted 
an upward force 2wyl/r on the ribbon so that only the force 2W — 
(2wly/r) was available for moving the liquid. On the other hand, 
liquid flowed toward the center of the system not only from right and 
left in Figure 1 but also in the perpendicular direction (i.e., normal 
to the plane of paper) since an excess of liquid was present along the 
edges of the ribbon. This effect, contrary to that of capillary pres- 
sure, accelerated the fall. In the following mathematical treatment 
it is assumed that the values used have already been corrected for 
these influences. For the technique adopted in these corrections, 
see Subsection II,4. 

2. The relation between time of separation {,, on one hand and 
corrected weight W,, rigidity EJ, and viscosity 7 on the other hand 
can be found by dimensional analysis only if an assumption is made 
as to the form in which the various lengths present in the system 
(i.e., 1, w, yo, and 6) enter the final equation. Let us express é,, as a 
product of two functions, namely, f,(W,, EJ, 9) and fo(l, w, yo, 4). 
If the dimension of f, is cm.~', then f,(W,, EJ, ») is constant times 
n(EIT)’*W,~"*. If fe is a pure number, then f, is constant times 
7 EI /W;*, and so on. 
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The experiments are in better agreement with the second than 
with the other possible expressions, and indicate that 
nwkl 


& = « — 
K Wy, (1) 


x being a pure number. As J = wé6*/12, 


the K —_ (2) 

12 Wiyo 
Equation (1) can be derived if a suitable assumption is made as 
to the shape of the ribbon during its separation process. For this 
derivation refer to Figure 2, which represents one-half of the sym- 
metrical system of Figure 1 plus an imaginary continuation of the 


x 
2 Xx 








Ww 


Fig. 2. Side view of a half-joint. The part left of 2 is imaginary. X-—z is the 
half-length of the adhesive film. W is weight. 


ribbon, which is needed to simplify the equations. The real ribbon 
is situated to the right of 2». 

Suppose that the actual shape of the half-ribbon can be approxi- 
mated by 


y = kx” (3) 
At 2 and time ¢ = 0, y is 
Yo = keto" (4) 


yo being, as above, the initial thickness of the film; this equation 
defines the value of x». Suppose further that during the separation 
process n does not change, that is that 

dy dk 


dt wort dt (5) 
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The volume V of the liquid present to the left of any x (smaller than 
X) is 


V = wf ydx = = (2*** — 2,**') 
xo n + 1 


The volume of liquid crossing the plane of any z toward the left in 
unit time is 

dV w(x"** — xo"*") dk 

dt = <i + 1 dt 


a+l n+l 


Except very near zo, the term 2» is much smaller than x and 
may be neglected. Now, dk/dt is supposed to be independent of z; 
let it be denoted by letter c. Thus, 


dV wer"*' 


dt n+l 
On the other hand, for a Newtonian liquid, 


dV wy*® dP 


= 6 
dt 12n dx (6) 
if P is the pressure in the liquid. Hence, 
dP 12 “ 
* (7) 


dx (n+ 1)k*r™—! 
Integrating and neglecting X*-*" in comparison with z?~—*" leads to 
the equation 
6ne 

P= P, - ——-——. 8 

° (n? — 1)k%x2"—2 (8) 

in which P» is the atmospheric pressure minus the capillary pressure. 

The pressure deficiency Py — P is what keeps the ribbon up against 

gravitation. As long as the fall of the ribbon takes place without 
marked acceleration, the integral 


SX w(Po — P)dx 


must be equal to weight W,, that is, neglecting X*-*" and retaining 
xo* a’ 


? __ 6mo(dk/dt) Pa 
~ (n® — 1)(2n — 3)k%x_2"-3 


Wi (9) 
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Integration of eq. (9) yields 


1 t A (n? — 1)(2n — 3) OW 
ke? —s ky? 3nw ee 

if ko is the value of k at t = 0 [more exactly: when the steady flow 
represented by eq. (6) has been established] and k;, is the value of k at 
t = t,. Since k; is much larger than ko, we have, introducing eq. (3), 


3nw 
he 0 TE (10) 


The only possible n which gives whole numbers for 3/n and 2 — (3/n) 
is 3. With n = 3, eq. (10) affords 


a.” 


= ——— 11) 
SkoyoW, ( 


When a ribbon is bent in the absence of an adhesive, the distance 
of the free end from the plate, i.e., the greatest y, is 


y = W,l*/3EI (12) 


corresponding to k = W,/3EI [see eq. (3)]. We assume that ky in eq. 
(11) also is proportional to W, and inversely proportional to EI and 
call 1/8«x the proportionality constant*; thus, 
at 
 8xEI 
Equations (11) and (13) yield eq. (1). 

3. It is instructive to compare the value of ¢t,, with time ¢; of ten- 
sile separation as given by Stefan’s equation, see, e.g., ref. 6, which 
for a rectangular plate would be 


ko (13) 





2]2 
ty = = 


=" Way (14) 


x, being a numerical constant of the order of one. From eqs. (2) and 
(14), 
KR Es* yo 


= = —-_— 15 
ty 12k, WI? ) 


* The neglect of the lateral contraction (due to Poisson ratio being different 
from zero) would affect the numerical value of k but not the form of the equation. 
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Introduction of usual values for the quantities Z, 5, yo, W:, and l 
shows that ¢,,, as a rule, is smaller than ¢, unless x/x; is large. In the 
present work, Héyo was of the order of magnitude of 12W,. As x/x; 
seems to be not far from unity, the ratio t,,/¢, would be of the order 
of magnitude of (6/1)?, i.e., usually between 10~* and 10~’. 

From eqs. (11) and (14), t,/te = yo/S8x:kowl*. Let the y at the 
meniscus be equal to Y when eq. (6) starts to be valid. Then 
Y = kol*. Consequently, 

a (16) 
te 8x,w y 
Thus, ¢,, usually is much shorter than ¢, because Y is much greater 
than yo. 

4. The corrected load W, occurring in the above equations is 
different from the total load W because of at least three considera- 
tions, namely, (a) the weight of the ribbon itself is not concentrated 
at its ends, (b) capillary pressure acts, and (c) liquid flows parallel to 
the menisci (see Section II,1 above). An exact calculation of these 
three effects would be difficult and hardly justify the effort. There- 
fore, an empirical procedure was worked out. 

As Figures 5 and 6 demonstrate, ¢,,~’* is a linear function of W 
but the straight line crosses the abscissa at some finite value of W. 
Let this value be denoted W». Then, for W, = W — W, the equation 
W,*t, = constant, which follows from eq. (1), is seen to be valid. 
Thus, W, is the correction to be subtracted from W to arrive at W. 


Ill. EXPERIMENTAL PROCEDURE 
1. The Principle 


The experiments conformed to the scheme of Figure 1. A drop of 
Newtonian liquid was placed on the center of a metal ribbon, the 
ribbon was pressed (for a time é proportional to the viscosity of the 
liquid) against the bottom of a horizontal steel plate (compare ref. 8) 
so as to spread the liquid over the whole area under pressure, the 
pressing device removed, a stop watch started, and t,, determined. 
This time (¢,,) naturally was sensitive to the position of the weights W. 
When these were attached 0.5 cm. from the edge of the oil film (e.g., 
the film length was 5 cm. and the distance between the weights was 
6 cm.), t, was about 2-10 times as long as when the points of attach- 
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ment were 2.4 cm. from thisedge. As the results at the longer distance 
had better reproducibility, they are the only ones reported in the 
following unless otherwise noted. 

Of the other quantities in eq. (1), viscosity 7 was determined in a 
rolling-ball viscometer and E was taken from published tables. The 
value of yo was found by placing various volumes of the oil on the 
ribbon, pressing this for tp seconds with the standard force, and ob- 
serving the minimum volume (v) which still gave rise to spreading 
over the whole area 2wl; the ratio v/2wil was approximately equal to 
Yo. 


2. The Materials 


Metal ribbons of three types were used. Aluminum 1145-H19* and 
steel (not further identified) were 0.0051 cm. thick and used without 
annealing. Copperf (electrolytic tough pitch, over 99.9% Cu) was 
about 0.0080 cm. thick; it was stress-relieved at 350-360°C. for 60 
minutes. The ribbons were 6—10 cm. long and 2.5 to 7.5 cm. wide. 

Three viscous liquids were employed: a solution of Chlorowax 70 
(a chlorinated paraffin wax) in Chlorowax LVt with the viscosities of 
350 and 79 g./cm. sec. at 18.0° and 24.0° and two polybutenes$ 
(H-35 and H-100) whose viscosities were about 75 and 300 g./cm. sec., 
respectively, at the average temperature (21°C.) of the air-conditioned 
room in which the main experiments were performed. Only these 
experiments are reported in Section IV. The apparent viscosity of 
these polybutenes slightly varied with the rate of shear, but the 
variability was deemed not serious enough to disqualify these liquids. 


3. The Reproducibility 


The reproducibility of the experiments was poor. In many in- 
stances, one end of the ribbon with its load pulled the other end as 
shown in Figure 3; these experiments were disregarded. As the 
efforts to improve the reproducibility were not successful, every ex- 
periment was repeated many times (usually more than ten), all sus- 

* Donated by Aluminum Company of America. 

t Donated by Chase Copper and Brass Company. 


t Donated by Diamond Alkali Company. 
§ Donated by Indoil Chemical Company. 
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initial 
position ribbon 


final 
position 


Fig. 3. Scheme of an unsuccessful experiment. The initial shape of the ribbon 
was symmetrical, and the final asymmetrical. 
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Fig. 4. Time of separation as function of applied load. Aluminum: 2.5 cm. wide 
and 0.0051 em. thick. Initial film length: 5.0 cm. Initial film thickness: ap- 
proximately 0.0018 cm. Polybutene, 7 = 300 poises. 
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pect data eliminated, and the averages of the more reliable results 
used in Section IV. 

Apparently the nonuniformity of the metal ribbons used was the 
main source of error. Since the external forces applied were so small 
(down to 500 dynes for 1 em. ribbon width), the actual curvature of 
the ribbon was determined not only by these forces (as assumed in 
Section II) but also by the internal stresses in the metal; for instance, 
rolling a metal cylinder over the ribbon (to smooth out the visible 
folds in the latter’s surface) altered the time of separation. 


TV. EXPERIMENTAL RESULTS 


Figure 4 illustrates the typical dependence of the time of separation 
(tm) on the applied load 2W. The five circles represent the experi- 
mental data (that is, averages of 3 to 5 more reliable measurements), 
while the curve is calculated assuming that (W — W,)*t,, was coi- 
stant and determining W» as in Section II,4. 

Figure 5 presents analogous data for another ribbon, in an ar- 
rangement showing that W really is an approximately linear function 
of t,,~'*. The upper line of this graph is for an oil of 75, and the 
lower, for an oil of 300 g./cm.sec. viscosity. It is seen that, in agree- 
ment with eq. (1), the ordinates of the upper line are about twice 
those of the lower; that is, the ¢,, values for 7 = 75 are about one- 
quarter those for 7 = 300. 

In Figure 6 steel ribbons are compared with copper ribbons in a 
graph analogous to Figure 5. The data of this figure and the upper 
line of Figure 5 permits a test of eq. (1) as far as the rigidity EJ of the 
ribbons is concerned. According to eq. (1), the tangents of the lines 
drawn in Figures 5 and 6 should be inversely proportional! to (ZJ)"/*. 
Table I shows the extent of agreement between experiment and 
theory. 

The values shown in the last column for aluminum and steel are 
sufficiently close to each other, but the value for copper is decidedly 
too great. This discrepancy, however, confirms rather than refutes 
the theory. Equation (12) and the use of the product E/ in general 
are predicated on the constancy of #. The range of stresses, in 
which £ is approximately independent of stress, is wide for steel and 
aluminum but relatively narrow for annealed copper, and the stresses 
applied in this study usually were outside this range for Cu. To de- 
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Fig. 5. Time of separation ¢,, as function of applied load at different viscosities. 
Aluminum: 5.0 cm. wide and 0.0051 em. thick. Initial film: 5.0 em. long and 


0.0037 em. thick. Polybutenes. Upper line: » = 75; lower line: 
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Fig. 6. Time of separation ¢,, as function of applied load for different ribbons. 
Polybutene, » = 75 poises. Initial film: 5.0 cm. long and 0.0037 em. thick. 
Upper line: steel, 5.0 cm. wide and 0.0051 cm. thick. Lower line: copper, 5.0 
em. wide and 0.008 cm. thick. 
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termine a more suitable value of EJ, one of the copper ribbons was 
bent without an adhesive but about as much as during the peeling 
experiments, and the ratio W,/?/3y was assumed to be equal to EI [see 
eq. (12)]. This ratio proved to be 6.99 XK 10‘ g.cm.*/sec.?, i.e., 
(EI)'”* was 264, and the product of (EI) and d(t,~'/*)/2dW was 
0.0031, not greatly different from the values obtained for aluminum 
and steel. 

With polybutene of » = 300, the derivative d(t,,~'/*)/2dW was 
0.84 X 10-° for aluminum and 0.54 X 10~* for copper, for the same 
w and yo as above. 

Equation (2) predicts that the corrected forces W, needed to attain 
a constant ¢,, will be proportional to the width of the ribbon. This 


TABLE I 
Comparison of d(t,,~'/*)/2dW with (E/)'/? for Different Ribbons 
Polybutene, 7 = 75 g./cm.sec. Initial film thickness about 0.0037 cm. 











d(t,,~ **)/2dW, (EI)'/:, (EI)'/*d(t,,~ '/*)/2dW, 
Ribbons sec. /*/g. em. g. /* em.*/*/see. (em. sec./g.)'7* 
Aluminum 1.75 X 10-5 194 0.0034 
Steel 1.22 X 10-5 312 0.0038 
Copper 1.18 K 10-5 464 


0.0055 





conclusion was not well confirmed by experiment. Aluminum ribbons 
2.5, 5.0, and 7.5 cm. wide were used for polybutene of » = 300 g./cm.- 
sec., the points of application of the weights being 1.5 cm. from the 
edge of the oil film (see Section III,1), and the initial film thickness 
being about 0.0036 cm. The total weight 2W was approximately prc- 
portional to w; for instance, at t,, = 25 sec. the interpolated values of 
2W were 13.8 and 40.0 kilodynes for w = 2.5 and 7.5 cm., respec- 
tively; and at t,, = 100 sec. they were 8.2 and 25.6 kilodynes; but 
the proportionality was not observed for the corrected weights. 


Vv. THE MEANING OF THE RESULTS 


It is believed that, in spite of the crudeness of the theory and the 
low precision of the experimental data, the above results do prove that 
peeling of an adhesive joint (as long as the adhesive is liquid) is a 
rheological phenomenon depending on the viscosity of the liquid and 
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the rigidity of the ribbon, and cannot give any information on the 
molecular forces of adhesion between the solid and the glue. The 
commercial adhesives are not Newtonian liquids but they usually flow 
when the stresses used in testing are not too weak and not too strong, 
and the above conclusion should be valid for all customary adhesives. 

Two additional remarks should be made in conclusion. 

(1) In the above experiments the liquid flowed toward the center 
of the ribbon both parallel to the ribbon length 2/ and parallel to its 
width w. The pressure gradient which causes the flow parallel to w 
will have an analogue in a stress (parallel to w) along the ribbon edges, 
when the adhesive is too viscous for eq. (6) to hold. Consequently 
there will be stress concentrations at the edges, as indicated in 
Figure 7, in which again A, P, and R are the adhesive, the rigid plate, 
and the ribbon, respectively, and a are the most stressed points. Thus, 
failure may originate at a. 








Fig. 7. Cross section of a joint being peeled parallel to its width, w. P, rigid 
plate; R, flexible ribbon; A, adhesive. The most stressed points are marked 
a. 


(2) Let the distance between the plate and the ribbon at the 
weights W be y,, just before the final separation takes place. Then 
the gravitational work done during separation (for both weights) is 
2W (Yn — yo). The major part of this work is 2W,(y,, — yo), and for 
this part eq. (2) gives the expression 
aut’) *w(Ym — Yo) 


7 17) 
3m : = 


2Wi(Ym — Yo) = ( 
Yo 


It is clear that any conclusions as to the molecular forces of adhesion, 
derived from the consideration of the value of W(y,,—y,), are not 
likely to be valid. 


The authors thank Lord Manufacturing Company of Erie, Pennsylvania, for 
sponsorship and assistance in the execution of the research described in this paper. 
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Synopsis 


A metal ribbon was pressed against a rigid plate, the space between the plate 
and the ribbon being filled with a viscous liquid (two hydrocarbon oils and chlo- 
rinated paraffin oil were used). Then the ribbon was peeled off, and time t,, of 
separation measured as a function of the applied load W. An approximate rheo- 
logical theory of the function t, = {(W) was developed, analogous to Stefan’s theory 
for tensile separation. The equations derived were in satisfactory agreement with 
experiment as far as the modulus of elasticity of the ribbons (aluminum, cop- 
per, and steel foils) and the viscosity of the liquids were concerned. Thus, tacki- 
ness measured by peeling, similarly to tackiness measured by tensile pull, has no 
connection with the theoretical forces of adhesion. 
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Dynamic Mechanical Properties of Fluorochemical 
Elastomers* 


KENNETH E. OWENS and CARL A. DAHLQUIST, Minnesota 
Mining and Manufacturing Company, St. Paul, Minnesota 


INTRODUCTION 


Elastomers containing fluorine have achieved importance as 
engineering materials because of their resistance to solvents and 
their excellent high temperature aging characteristics. To use 
these elastomers effectively for structural purposes, data concern- 
ing their mechanical properties must be known. Since data con- 
cerning the dynamic mechanical properties of this class of elastomers 
are meager or nonexistent, work was performed to provide such 
information. The effects of a fluorocarbon side chain and of the poly- 
mer backbone upon the dynamic mechanical] properties were examined 
and contrasted with those of the familiar hydrocarbon elastomer, 
polyisobutylene. The three fluorocarbon elastomers studied were 
chosen because they are significantly different in side chain or back- 
bone structure. There are now too many commercial or experi- 
mental fluorine-containing elastomers to cover in a single paper. 
Others will be discussed in a subsequent publication. 


MATERIALS 


Three elastomeric materials containing fluorine were studied. 
Fluororubbers Nos. 1 and 2 were prepared by the Chemical Products 
Group of Minnesota Mining and Manufacturing Company, St. 
Paul, Minnesota. Both are essentially homopolymers; Fluororubber 
No. 1 was prepared from 1,1-dihydroperfluorobutyl acrylate, and 
Fluororubber No. 2 was prepared from 3-trifluoromethoxy-1,1- 
dihydroperfluoropropy! acrylate. Fluororubber No. 1 is available 


* Contribution No. 149. 
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commercially as 3M Brand Fluororubber 1F4. The uncured gums 
used in these experiments are white, rather soft, rubbery solids. The 
polymers were unfractionated, but the molecular weight, even con- 
sidering the high molecular weight of the monomers, was very high. 
Complete descriptions of preparation details and properties are avail- 
able in earlier publications from this Laboratory.‘ Fluororubber 
No. 3 is Silastic LS 53, a fluorosilicone rubber produced by the Dow 
Corning Corporation, Midland, Michigan. It was studied as a com- 
pounded cured rubber which contained silica and ferric oxide as fillers. 
Although its exact structure has not been disclosed, a product bro- 
chure published by the Dow Corning Corporation reports data per- 
taining to the effect of temperature on elasticity. Physical data con- 
cerning the three fluorocarbon elastomers are given in Table I. 














TABLE I 
Properties of the Fluororubbers 
No. 1 No. 2 No. 3° 

Combined fluorine, % 52 49 26 

Volume coefficient of expansion 94x 10" 8.1K 10~* 4.5 10~-* 
Density 1.54 1.53 1.39 

Class transition temperature, °C. —30 —55 — 
Gehman T'y, °C. —12 —32 —60 
ASTM brittle point D746-54T, °C. —15 —38 — 68 

{n], intrinsic viscosity 2.2 2.3 — 


Molecular weight, light scattering 15,000,000 — 





* Properties shown are for the compounded, cured stock. 


EXPERIMENTAL METHOD 


The “real” (J°) and “imaginary” (J”) components of the complex 
compliance in cyclic shear were obtained over a temperature range 
of —40 to 100°C. and a frequency range of 24 to 5200 cycles/sec. It 
was not practicable to obtain measurements at all of the available 
frequencies in the entire temperature range, but sufficient data were 
obtained to define the master dispersion curves adequately for each 
material. The electromagnetic transducer used was the Fitzgerald 
Apparatus. This instrument, a commercial model of the trans- 
ducer originally described by Fitzgerald and Ferry,® is manufactured 
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by Atlantic Research Corporation, Alexandria, Virginia. The calibra- 
tion of the apparatus was performed in the manner indicated by these 
authors and verified independently by comparing the results obtained 
with National Bureau of Standards polyisobutylene (PIB) with 
published data for this material. Table II shows these results. 
Although the calibration measurements were probably not as precise 
as the original measurements, the agreement of the data for poly- 
isobutylene was satisfactory. Later rechecks of instrument con- 
stants showed no significant change in the instrument over the period 
of the experiments. 


TABLE II 
Verification of Calibration of Fitzgerald Apparatus Using NBS Polyisobutylene 
at 25°C, 











Experimental Literature 
Frequency, J’ X 1, J* X 10, J’ X 10, J’ X 10, 
evcles/sec. em.?/dyne em.?/dyne em.?/dyne em.?/dyne 
24 0.0246 0.0104 
30 0.0213 0.0108 0.0204 0.0102 
45 0.0183 0.0110 0.0182 0.0107 
72 0.0151 0.0112 
100 0.0122 0.0100 0.0119 0.00952 
140 0.00984 0.00881 
200 0.0086 0.0079 0.00790 0.00779 
280 0.00653 0.00650 
400 0.0048 0.0062 0.00512 0.00564 
600 0.0036 0.0048 0.00385 0.00469 
800 0.0029 0.0041 0.00321 0.00410 
1000 0.0026 0.0033 0.00271 0.00364 
1400 0.0034 0.00207 0.00301 
2000 0.00157 0.00263 








Specimens of Fluororubbers Nos. 1 and 2 were prepared by solution 
casting in a dise-shaped mold, air drying, and subsequently vacuum 
drying at 60°C. for 24 hours. Discs of Fluororubber No. 3 were 
molded and cured at 124°C. for 5 minutes under pressure. They 
were then post cured for 24 hours at 150°C. Polyisobutylene was hot 
molded directly from the sheet as received from the National Bureau 
of Standards. Several sets of discs, differing in cross-sectional area 
and thickness, were molded from each elastomer. Since the mechan- 
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Fig. 1. Variation of the real part of the dynamic shear compliance with frequency 
of Fluororubber No. 2 at the temperatures indicated. 


ical properties of the elastomers are sensitive to temperature and 
frequency, several sets of discs with different thickness to area ratios 
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to 
~I 


must be used to obtain data over broad ranges of temperature and 
time. 


EXPERIMENTAL RESULTS 


The reduced variables treatment as outlined by Ferry’ was applied 
to the compliance data of each elastomer. At each of several uni- 
formly spaced temperatures, values of Jj, and F A were plotted as 
functions of circular frequency. Values of J, and J), are obtained 
directly from the measured compliance values by the use of: 


J» = (T'p/Topo)J' 
J» (Tp; Topo) J” 


where T' and p refer to absolute temperature and density, respectively, 
at the temperature of the measurements. 7) and py refer to the 
reference temperature and density at 25°C., respectively. These 
curves at the several temperatures were then superimposed to form a 
single composite dispersion curve by shifting horizontally along the 
circular frequency axis. This assumes 


Wp, = war 


where w is the circular frequency and ar is the factor expressing 
the ratio of any retardation time at temperature 7' to that at the ref- 
erence temperature 7. The contribution of the glassy compliance 
was neglected. This treatment standardizes the observed compli- 
ances at the various temperatures by correcting for the different con- 
tributions of the configurational entropy to the total compliance of 
the elastomer. Also the effect of changing the number of retardation 
mechanisms in a unit cube due to changes in temperature is cor- 
rected by the ratio of densities. The use of the shift factor, ay, for 
all frequencies at a given temperature assumes that all retardation 
times have the same temperature dependence. Plots of J’ and J” as 
functions of circular frequency are shown for Fluororubber No. 2 
in Figures 1 and 2, and master dispersion curves of the reduced real, 
J a and imaginary, J i components of the complex shear compliance 
as functions of log war are shown in Figures 3 and 4. The master 
dispersion curves of log Sui log J a and J ye A each plotted against 
log war, for the three fluororubbers are shown in Figures 5, 6, and 7. 
For comparison, the dispersion curves of polyisobutylene obtained 
from published data’ are plotted on the same figures. 
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Fig. 2. Variation of the imaginary part of the dynamic shear compliance with fre- 
quency for Fluororubber No. 2 at the temperatures indicated. 





DISCUSSION 


Since these three elastomers differ markedly in structure from well- 
known hydrocarbon elastomers, it is of interest for a preliminary 
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Fig. 4. Imaginary part of the complex compliance of Fluororubber No. 2 reduced 
to 25°C., plotted logarithmically against reduced frequency. Abscissa: Log war. 


orientation to compare their dynamic mechanical properties with 
those of some conventional elastomers. Table III shows the room 
temperature complex compliance values and the loss tangents at 100 
and 1000 cycles/sec. of the three fluororubbers, polyisobutylene, 
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Fig. 6. Master dispersion curves of imaginary compliance reduced to 25°C. (O) 
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natural rubber, and GR-S.* Fluororubber No. 3 is a filled, cured 
stock, and would be expected to be less compliant than the uncured 
gums, as, indeed, it is; though not far different from polyisobutyl- 
ene. Fluororubbers Nos. 1 and 2, which are rather soft gums, are 
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Fig. 7. Loss tangent curves reduced to 25°C. 


TABLE III 
Comparative Mechanical Data on Fluorocarbon and Hydrocarbon Elastomers 








at 25°C. 
100 cycles/sec. 1000 cycles/sec. 
J* X 10%em.*/dyne Tan J* X 10*°cm.*/dyne Tan 
Fluororubber No. 1 0.74 0.56 0.185 0.79 
Fluororubber No. 2 0.70 0.81 0.166 1.23 
Fluororubber No. 3 0.062 0.18 0.039 0.42 
Polyisobutylene 0.152 0.80 0.045 1.33 
GR-S 0.10 0.06 0.086 0.07 
Natural Rubber 0.30 0.05 0.25 0.04 





most compliant of the group at 100 cycles/sec.: ut at 1000 cycles/sec. 
they fall between natural rubber and GR-S. Mechanical loss is high 
in fluororubbers Nos. 1 and 2, with fluororubber No. 2 approaching 
polyisobutylene at 1000 cycles/sec. Fluororubber No. 3 is intermediate 
between polyisobutylene and GR-S. 

The plots of J}, J}, and J5/J, as functions of log war provide a 
more detailed comparison of the three fluororubbers and polyiso- 
butylene. A great deal of similarity is noted between polyisobutylene 
and the fluorine-containing polyacrylates, particularly between poly- 
isobutylene and Fluororubber No. 2. Polyisobutylene has a some- 
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what broader loss tangent distribution. Figures 5, 6, and 7 illustrate 
these data. The temperature insensitivity and low internal friction 
of the fluorosilicone rubber, presumably due to the flexibility of the 


Si—O —Si—O 

backbone chain, show up strongly in the flatness of the J 4 and J > 
versus log war plots and in the broadness of the loss tangent distribu- 
tion. In the fluoroacrylate rubbers, replacement of the 1,1-dihy- 
droperfluorobutyl] side chain by the more flexible 3-trifluoromethoxy- 
1,1-dihydroperfluoropropyl side chain effects some reduction in 
mechanical loss, but no marked spreading out of the loss tangent 
distribution. 

A better indication of the temperature sensitivity of the elastomers 
is obtained by plotting the logarithm of the reduction factor ar 
against reciprocal temperature. This brings out clearly the rapid 
change of elastic properties with temperature in Fluororubber No. 1, 
and the closer similarity in temperature sensitivity of Fluororubber 
No. 2, polyisobutylene, and Fluororubber No. 3. Fluororubber No. 
2 is somewhat more sensitive than polyisobutylene and the Fluoro- 
rubber No. 3 is least temperature sensitive of the four. This is 
illustrated in Figure 8. 

The use of these elastomers for structural applications requires 
familiarity with the extent of the mechanical dispersion regions 
and their positions in the time and temperature scales. It is best 
to avoid the regions of major dispersion, if possible, by remaining 
on the rubbery side of the dispersion in the time scale. If the 
dispersion region cannot be avoided, then due consideration and com- 
pensation for the changes in properties must be made. In this case, 
use of a material with relatively small extent of dispersion is most 
desirable mechanically. However, in any application of these 
rubbers, other nonmechanical considerations must be made. Among 
these are solvent resistance, ultimate strength, high temperature 
aging characteristics, and processability. Use of the master dis- 
persion curves of these three fluororubbers reduced to 25°C., the 
temperature reduction factor, a7, and the corrections due to changes 
in density and in configurational entropy permit the determi- 
nation of the time-dependent mechanical properties at other tempera- 
tures that may be required. 
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Fig. 8. Temperature dependence of reduction factor, ar. 


TABLE IV 
Apparent Activation Energies of the Fluororubbers 





AH.,, Keal. /mole 





Temperature, °C. PIB No. 1 No. 2 No.3 
—40 2 — 33 22 
0 18.5 44 23 15 
25 17.0 21 18 12 
100 0 9.0 5.3 2.8 











A further indication of the temperature sensitivity is the tem- 
perature dependence of the apparent activation energy per moving 
polymer segment, AH,. This is obtained by use of the expression: 


AH, = Rd(\n ar) /d(1/T) 


Table IV shows values for the four rubbers at four temperatures over 
the range —40 to 100°C. Fluororubbers Nos. 2 and 3 have apparent 
activation energies very comparable to that of polyisobutylene at 
—40°C. Fluororubber No. 1 shows a very sharp rise in activation 
energy at 0°C. and is glassy at —40°C., but above 25°C. it shows 
least decrease in AH, with increasing temperature. 

The retardation and relaxation distribution functions were deter- 
mined from the data for the three fluororubbers using the second 
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Fig. 9. Distribution functions of retardation times, L, plotted logarithmically re- 
duced to 25°C. 


approximation method of Ferry and Williams.’* Excellent checks 
were obtained between values obtained from the real and imaginary 
compliance data. Figure 9 shows the retardation distribution func- 
tions at 25°C. plotted against log r. The similarity in the shape of 
the curves is striking. Exact methods for obtaining the response 
under various conditions of stress application from the distribution 
functions have been published.”."! However, visual inspection indi- 
cates that all three fluororubbers show a higher degree of compliance 
than polyisobutylene in the high frequency range at 25°C. At larger 
values of log r, Fluororubber No. 3 has least compliance of the four, 
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Fig. 10. Distribution functions of relaxation times, ®, plotted logarithmically 
reduced to 25°C. 


but this is to be expected since it is a filled and cured stock. The 
high compliance of Fluororubbers Nos. 1 and 2 at large values of 
log r is probably a result of the internal plasticizing action of the 
bulky side chains. Figure 10 shows the relaxation distribution func- 
tions for the three fluororubbers and polyisobutylene. Again, there 
is a genere, similarity between Fluororubbers Nos. 1 and 2 and poly- 
isobutylene. The modifications of the rigidity at high values of log r 
by crosslinking and reinforcing is evident in Fluororubber No. 3. 
The slope of the logarithm of the relaxation distribution functions 
approaches —'/, over several orders of magnitude in log r. The 
Rouse theory concerning the viscoelastic properties of isolated polymer 
molecules and the Blizard theory concerning viscous coupling of poly- 
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Fig. 11. Logarithm of ar plotted against 7’ — 7, for the three fluororubbers. 


mer molecules predict that in the region of short times the distribution 
function should be proportional to r ~'”’. 

The treatment of Williams, Landel, and Ferry'* concerning the 
temperature dependence of relaxation mechanisms in polymers was 
extended to the three fluororubbers. The parameters given by these 
authors are: 


log ay = —8.86(T — T,)/(101.6 + T — T,) 


where T' is the absolute temperature and 7’, is an empirically chosen 
reference temperature such that the equation is valid. Pilots of 
log ar versus 7 were obtained for each of the three rubbers, and 
each plot was shifted horizontally and vertically to best fit the 
equation as represented graphically. The results of the curve 
fitting are shown in Figure 11. The parameter, 7',, obtained from 
the horizontal shifting, was as follows for each of the three rubbers: 
No. 1, +12°C.; No. 2, —11°C.; No. 3, —37°C. An interesting 
comparison with other rubbers is the difference between T7,, and 
T,, the glass transition temperature. The differences obtained 
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are 42, 44, and 43°C., respectively, for the three rubbers. In the case 
of Fluororubber No. 3, the glass transition temperature was estimated 
as —80°C. The overall fit of the data to the empirical curve and the 
agreement of values of 7’, — 7, with values published for other elas- 
tomers is excellent. This indicates that the fluorocarbon elastomeric 
materials studied behave similarly to hydrocarbon elastomers as far as 
the temperature dependence of their relaxation mechanisms is con- 
cerned. 


CONCLUSIONS 


The dynamic mechanical properties of the two fluoroacrylate 
rubbers are not markedly different from those of polyisobutylene 
at room temperature. The perfluoro alkoxy alkyl side chain affords 
greater segmental mobility, hence somewhat less mechanical loss and 
somewhat greater elasticity at low temperature than the perfluoro 
alkyl side chain. The 


Hi )si-0— 

backbone chain provides still greater mobility, with attendant low 
loss factor and low sensitivity to temperature change. The modern 
theories of viscoelastic behavior developed by Ferry and others have 
been extended to the fluororubbers and found to apply as well as to 
hydrocarbon elastomers. The retardation and relaxation distribu- 
tion functions for the uncured polyacrylate gums are very similar 
in shape to those for polyisobutylene, though displaced somewhat 
in the time scale. Although crosslinking and addition of rein- 
forcing fillers to the fluorosilicone elastomer modify the distri- 
bution functions somewhat, they generally show less time sensitivity 
than those of the other fluororubbers studied. 


The authors are indebted to R. E. Bade for assistance in collecting data and 
performing calculations. 
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Synopsis 

The dynamic mechanical properties of three fluorinated elastomers were 
determined by use of the double transducer of Fitzgerald and Ferry. The 
measurements cover a temperature range of —40 to 100°C. and a frequency range 
of 24 to 5200 cycles/sec. The elastomers studied are the acrylic 3M Brand 
Fluororubber 1F4, a homopolymer of 3-trifluoromethoxy-1,1l-dihydroperfluoro- 
propyl acrylate, and Dow Corning Silastic Rubber LS-53. Master dispersion 
curves of the compliances at 25°C. versus time have been obtained using the 
reduced variables treatment of Ferry. The position in the time scale and extent 
of the dispersion regions are discussed. The apparent heats of activation per 
chain segment and re!axation distribution functions were determined and are dis- 
cussed in reference to the reported values for polyisobutylene. The universal 
function for the temperature dependence of mechanical relaxations in amorphous 
polymers applies to these fluorinated elastomers. 
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A Torsion Pendulum for Dynamic and Creep 
Measurements of Soft Viscoelastic Materials 


DONALD J. PLAZEK,* M. N. VRANCKEN,t and JOHN W. 


BERGE, University of Wisconsin, Madison, Wisconsin 


INTRODUCTION 


The freely damped torsion pendulum method has been widely used 
to investigate dynamic mechanical properties of high polymers.'~* 
Up to the present time, the instruments used have not been designed 
to measure storage moduli much below 10’ dynes/cm.*. Necessity 
of clamping the sample under slight tension is the principal reason 
for the lower limit. The instrument described here can be used to 
investigate systems with storage moduli at least as low as 10° dynes/ 
em.’, if their loss tangents are sufficiently small (less than 0.8). It 
can also be used to measure creep of such soft systems in the range 
of small applied stresses and hence small final sample strains. 

Very few low frequency measurements have been made on gels,’ 
and there has been littie progress in understanding the role of cross- 
linking in very slow viscoelastic mechanisms. It is hoped that this 
instrument will help ascertain the phenomenological nature of the 
mechanical behavior of gels in the region of long times. 


DESCRIPTION AND OPERATION OF APPARATUS 


In the apparatus, pictured in Figure 1, a dise-shaped sample is 
sinusoidally sheared in torsion between two circular metal surfaces. 
The bottom surface is fixed, while the other is suspended from above 
and can oscillate freely. Self-adhesion or a normal force causes the 
sample surfaces to be held immobile relative to the shearing plates. 


* Present address: Mellon Institute, Pittsburgh, Pennsylvania. 
t Present address: Gevaert Photo Producten, N. V., Belgium. 
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Fig. 1. Photograph of apparatus and recorder. The constant temperature 
bath has been lowered to reveal the cell housing. The telemicroscope is on the 
left pillar and the light source and the photocell housing are, respectively, to the 
left and right sides of the steel post. 


It has been our experience that at normal operating torques one 
need worry about slipping only with gels that exhibit syneresis and 
possibly those polymers that have a soapy texture, such as Teflon. 
In a doubtful case, a series of creep runs at various torques would have 
to be made to ascertain the maximum operating torque. The fact 
that the sample is not clamped is the most distinguishing feature 
of this torsional apparatus and allows measurements to be made on 
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Fig. 2. Half-section of torsion head, sample housing, and inertial system. 


very soft gels and on solutions if the viscosities of the latter are suf- 
ficiently high so that the sample will retain its shape for the duration of 
a series of runs. Samples of different dimensions are used to obtain 
data covering about two decades of logarithmic frequency at a 
particular temperature. Their heights vary from '/, to '/: in. and 
diameters from '/; to 2 in.; weights usually range between 1 and 4 
grams. 

The sample position can be seen in Figure 2 to be near the bottom 
of a stainless steel housing. A window, cemented in place with an 
epoxy resin (Armstrong’s A-2 Adhesive), and lights in the housing 
are necessary for sample installation. Secured to the bottom of the 
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flanged housing is a brass base plate which holds and fixes the stain- 
less steel sample cylinder. The rigid coupling of the moment of 
inertia assembly to the top sample plate is a 1-in. diameter rod of 
stainless steel and Micalex. The moment of inertia assembly, 
which is removed when the instrument functions as a creep apparatus, 
consists of an aluminum tube with two detachable brass discs, 
weighing about 2 kg. each, which can be positioned symmetrically 
at various distances from the axis of oscillation. The accessible 
range of moment of inertia is 1.0 K 10° to 1.8 « 10’ g. em.?. 

Piano wire, 0.012 in. in diameter and about 90 cm. long, is used to 
suspend the entire system above the sample for the dynamic runs. 
Its restoring force is always less than '/:% of that of the sample and 
is neglected. Wires of the same length having diameters from 
0.008 to 0.029 in. are used to produce the torque in the creep runs. 
Stresses as low as 100 dynes/cm. * can be attained with the former. 

The clamp shown in Figure 2 holds the steel shaft fixed and per- 
pendicular during sample installation and removal, and when any ad- 
justments or changes are made after the sample is in place; e.g., re- 
moval of the brass dises. Since the wire supports the entire inertial 
system, it is necessary to produce the proper tension in it before the 
clamp is released. Weights compensating for the clamped lower 
sections of the steel shaft are added to the inertial system and the 
collet is loosened to allow the wire to stretch to its equilibrium 
length. After the collet is tightened and the compensating weights 
are removed, the clamp may be opened and the run may proceed. 

The sample housing and base plate are supported by three heavy 
steel arms whose ends rest on cement block pillars. A '/2-in. steel 
plate lies under the pillars and is cushioned underneath with Unisorb 
“H”’ felt (The Felters Co.) to minimize vibrations arising from the 
concrete floor. A steel pipe 3'/, in. in diameter and 9 feet high, filled 
with cement and welded to the steel plate, provides the support for 
the cantilever arm that holds the top end of the wire. 

The torsion head, shown in the top half of Figure 2, functions only 
during creep runs. It serves to apply the required constant stress in a 
manner which will be described later. Alignment and vertical adjust- 
ment are accomplished with two mutually perpendicular dovetail 
slides and a vertical rack and pinion, respectively. 

Since this torsion pendujum was built to measure low loss materials, 
the use of bearings was avoided where possible. Normally, the only 
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damping resistance outside that of the sample is due to the air; that of 
the wire is completely negligible. Because the wire and the inertial 
system are entirely free except at the upper point of suspension and 
the sample surface, occasionally the oscillating system tends to rock. 
When this rocking is observable in the recorded motion a friction 
bearing is closed about the wire. Duplicate determinations made 
with and without the bearing, when possible, agree within experimen- 
tal error. The bearing is never used in creep runs and only when 
necessary for dynamic measurements. 

The oscillatory motion is followed by recording the angular deflec- 
tion of a light beam reflected from a mirror fixed near the axis of 
oscillation. A vertical straight edge that cuts off part of the beam 
is focused on the surface of a barrier-type photocell. The rest position 
of the uniform semicircular light beam is such that approximately 
half of the one inch square surface of the cell is illuminated. As the 
inertial system oscillates, a damped sinusoidal current is generated by 
the cell. The light intensities used are relatively low so that no 
detectable error has been traced to photocell fatigue. A resistor 
shunts the photocell and the voltage drop across this resistor is 
amplified and recorded with a Sanborn reeording system: recorder 
assembly 151-100A, power supply and amplifier 150-200A/400, and 
preamplifier 150-1500. The maximum angular deformation in the 
sample for both dynamic and creep measurements can be varied from 
0.5° to 1.5° by changing the length of the reflected light beam. 

For creep measurements detection of the strain is identical to the 
preceding except that the cell is illuminated to about 3% before the 
stress is applied. During the run the proportion of the area il- 
luminated gradually increases, and just before total illumination the 
stress must be removed and recovery begun. 

A constant intensity light source is essential for both dynamic and 
creep measurements. An auto headlight lamp was tried with a Sola 
constant voitage transformer. At times it proved satisfactory for the 
dynamic measurements, but was not dependable enough for creep 
runs. A mercury vapor lamp is now being used instead of the tungsten 
lamp and is proving satisfactory. To correct for drifts in the re- 
corder and the light source, a movable second photocell, placed above 
the measuring cell, is used to recalibrate the recorder during creep 
runs which are longer than just a few minutes. 

The sample coefficient and the various values of the moment of 
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inertia must be known for the dynamic determinations. The former 
is calculated from the sample volume and height. The height is 
monitored during the runs with a telemicroscope that is used to read 
a scale machined into the one inch diameter stainless steel shaft, so 
that the sample height at room temperature is known to +0.001 in. 
At temperatures above and below that of room, the measured value 
has to be corrected for the difference in the thermal expansions of the 
stainless steel housing and the Micalex insulating shaft. The Micalex 
section is 9 in. long, but its expansion coefficient is so close to that of 
the steel used that the height correction 125°C. from room tempera- 
ture is only 0.007 in. 

The moments of inertia are accurately known from their dimen- 
sions and their distance from the axis of oscillation, R. The geometry 
of the rest of the inertial system is not simple; therefore its calculated 
moment, J,, was checked by determining the periods of oscillation, 77, 
in the absence of a sample with the discs at a number of positions. 
The equation, T? = (42?/k)(I, + Ip + MR?*), where J, is the moment 
of inertia of the discs about their own axis and M is their combined 
mass, shows that a plot of J? versus R? yields J, and k, the wire con- 
stant (dyne cm.). Determinations of 7, made with several wires 
checked among themselves and with the calculated value to within 
1%. 

The torques applied in creep experiments are calculated from the 
determined wire constant and the known angle through which the 
wire has been manually twisted with the torsion head at time zero. 
This angle is so large that the angular sample deformation will not 
decrease as much as 1%. The stress, therefore, is sufficiently con- 
stant for the creep portion of a run, but since in practice it is im- 
possible to remove the stress exactly, the recovery portion at long 
times isin doubt. The strain at 100% cell illumination is known from 
geometrical considerations and the smaller strains are recorded as 
fractions of this value. 

An advantage peculiar to this kind of bifunctional instrument is 
the fact the sample can remain in situ, untouched and unchanged, 
while the transformation from a dynamic to a creep instrument takes 
place. It is particularly useful in the execution of creep measure- 
ments, for no assumptions about the maintenance of the sample shape 
need be made. Quick dynamic check runs at a few frequencies can be 
made at appropriate times, and so long as the frequencies are repro- 
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duced it can be concluded that neither change in the nature of the 
sample nor in the sample shape has occurred. The latter is far more 
frequent, but if there is any doubt the loss tangent, which is inde- 
pendent of sample shape, will furnish the necessary information. 
Finally, if the sample shape has changed one need not begin with a 
new sample, because the dynamic check run has provided an em- 
pirical correction to the calculated sample coefficient. In practice, 
dynamic check runs are always made before and after long creep 
runs. A series of dynamic runs ends at the starting temperature and 
other checks are usually made. 

Constant temperature to within +0.2°C. is maintained with a 
bath which is raised into position beneath the supporting arms by 
means of a hydraulic jack. A two-junction copper-constantan ther- 
mocouple resides in the bottom sample cylinder. To investigate the 
possibility of a thermal gradient across the sample at the extremes of 
the temperature range of the instrument (—45 to 160°C.), a dummy 
run was made with a second thermocouple above a sample, '/s in. 
high, and no detectable gradient was found. 

Originally the instrument was designed with a reinforced Lucite 
sample housing and a coupling shaft with only a short Bakelite in- 
sulating section. With these features the temperature range was re- 
stricted to less than half of the present accessible range; at the ex- 
tremes the height corrections were appreciably larger and the meas- 
ured thermal gradient was about 1.5°C. 


CALCULATIONS 


Frequencies, v, and logarithmic decrements, A, are obtained from 
the recorded damped sinusoidal curves. Figure 3 pictures examples 
of some experimental curves obtained on a polyviny] chloride gel which 
will be discussed later. The four curves illustrate about half of the 
range of frequencies attainable from a single sample by changing the 
moment of inertia. 

The usual approximate relations® for the case of small damping are 
used to calculate the real component of the complex dynamic rigidity, 
G’ (storage modulus), and the ratio of the imaginary to real com- 
ponents or loss tangent, G’/G@’ : 


G’ = Kw*](1 + A?/42°) (1) 
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and 
G"/G@’ = A/r(l + A*/4x*), (2) 


where K is the sample coefficient and w is the circular frequency, 21». 
The sample coefficient in the case of a right circular cylinder is h/j, 
where h is the sample height and 7 is the second moment of the cross- 
sectional area, rr*/2. In terms of hand V, the volume, K = 2rh*/V*. 





PVCI- DMT 
10% by Volume 


yy Vv © . 25% 











Fig. 3. Examples of experimental curves of a gel of polyvinyl chloride and di- 
methylthianthrene recorded with different moments of inertia, 7. (A) J = 
3.3 < 10% (B) 1.8 x 10%; (C) 8.2 & 10; (D) 3.1 K 10g. cm.*. One-second 
timing pips are indicated. Approximate sample dimensions: height, '/s in.; 
diameter 1'/; in. 


The exact relations are available,’ but are difficult for normal data 
analysis. It is felt that as long as the recorded curves follow within 
experimental error the equation of motion, from which eqs. (1) and 
(2) are derived, the results may be considered accurate. 

The logarithmic decrement is determined from the slope of a semi- 
logarithmic plot of the peak amplitudes against the ordinal number 
of the peak. However, a special procedure is necessary for very soft 
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materials. In exciting the oscillations manually, it is impossible to 
give the inertial system the proper amount of kinetic energy to avoid 
an initial deformation that complicates the motion of the system. 
Essentially, a short time creep and recovery experiment is superim- 
posed on the damped sinusoidal motion which causes the base line to 
drift. The effect of the drifting base line is eliminated in the following 
manner. The logarithms of peak amplitudes above and below a 
tentative base line are plotted separately versus peak number. Then 
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Fig. 4. Logarithmic decrement curves derived from experimental curves of Fig. 3 
Letters A through D indicate the correspondence of curves. 


the antilogarithm of each reading interpolated midway between two 
successive peaks on one curve is averaged with the amplitude, y, of 
the opposite peak on the other curve. Half the distance between the 
two envelopes of the damped sine wave at each peak is then known 
and is the true amplitude of that peak. The actual decrements, In 
Yn/Ynt1, are determined from these values. Figure 4 illustrates the 
precision of the final curves derived from the experimental curves of 
Figure 3. 
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The creep compliance, J (#), is obtained very simply from 
J(t) = 0/SK 
where @ is the angular deformation and S is the torque exerted by the 
wire. 
ILLUSTRATIVE RESULTS 


To establish the accuracy of the apparatus, measurements were 
made on the polyisobutylene which was distributed by Dr. Robert 8. 
Marvin of the National Bureau of Standards.’ These dynamic 
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Fig. 5. Real and imaginary components of the dynamic rigidity of the National 
Bureau of Standards polyisobutylene reduced to 25.0°C. and plotted logarith- 
mically against the reduced frequency: Black circles, NBS averages; half-filled 
circles, Ferry, Grandine, and Fitzgerald*; lines, Philippoff®; this paper, pip 
down, 5.2°; pip right, 34.6°; pip up, 48.9°. 


measurements were made on a single sample (1'/; in. in diameter and 
0.35 in. high) at three temperatures: 5.2, 34.6, and 48.9°C. Values 
of G’ and G@” were reduced to 25.0°C. with the relations G’, = G’ - 
(Topo/T p) and G", = G"(Topo/T p), where p and pp» are the densities at 
the operating and reference temperatures, 7 and 7», respectively. 
The logarithms of the reduced values are plotted in Figure 5 against 
the logarithm of the reduced circular frequency, log war. The shift 
factors, a7, used are those of Ferry, Grandine, and Fitzgerald.’ Also 
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Fig. 6. Loss tangents (open circles) and logarithms of real components of dy- 
namic rigidity (black circles) of polyvinyl chloride gel in dimethylthianthrene 
(10% polymer by volume) plotted against logarithm of circular frequency: 
pip down, 4.6°; no pip, 9.5°; pip up, 25.0°. 


shown in Figure 5 are the averaged values of previous studies com- 
puted at the National Bureau of Standards.’ The double transducer 
data of Ferry, Grandine, and Fitzgerald,’ and the low frequency meas- 
urements of Philippoff" are presented as two examples of the com- 
piled results included in the NBS averages. The agreement between 
all sources of the G’, data is excellent. The G’, values show more 
seatter between the various sources in such a manner that the torsion 
pendulum data may be considered as justified as any of the others. 
It may be concluded, therefore, that the accuracy of the instrument is 
satisfactory. 

A gel of polyvinyl chloride in dimethylthianthrene (10% polymer 
by volume) has also been studied to complement measurements ob- 
tained previously on this same system by Ferry and Fitzgerald using 
the double-transducer method.'' Figure 6 presents values of log G’ 
and G"/G@’ obtained from two samples. Their diameters were 1'/; 
and '/, in. and their heights '/, and */; in., respectively. The higher 
frequency data, ineasured at 4.6, 9.5, and 25.0°C., were obtained from 








50 D. J. PLAZEK, M. N. VRANCKEN, AND J. W. BERGE 


the shorter sample, and the lower from the longer sample at 9.5 and 
25.0°C. The loss tangent values from the latte” at 25.0°C. were un- 
attainable because drafts of air caused the damping to appear erratic, 
though the frequencies and hence the rigidities were not so affected. 
The data, when reduced to 25.0°C.,'* smootuly extend the data of 
Fitzgerald and Ferry and show that the torsion pendulum can be 
used to study the type of material for which it was designed. 

Although no creep results are shown, it may be noted that their 
accuracy is dependent on the same sample coefficient used in the 
calculation of dynamic results and on the torque applied and the 
measured angular deformation of the sample. Unless there is creep 
in the wire itself, the accuracy of the torque is limited by the deter- 
mination of the wire constant which can easily be made within 1%. 
The largest errors thus arise in readings of angular deformation taken 
near the resolving power of the detector and from sample coefficient 
uncertainty. 


This work was part of a program of research on the physical structure and 
properties of cellulose derivatives and other polymers supported by the Allegany 
Ballistics Laboratory, Cumberland, Maryland, an establishment owned by the 
United States Navy and operated by Hercules Powder Company under Contract 
NOrd 10431. It was also supported in part by a grant from the National Science 
Foundation, and by the Research Committee of the Graduate School of the 
University of Wisconsin from funds supplied by the Wisconsin Alumni Research 
Foundation. The authors are indebted to Dr. John D. Ferry for his guidance in 
the design of the apparatus, to Mr. Robert Schmelzer for help in its construction, 
and to Miss Shirley Pomeroy for assistance with some of the calculations. 
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Synopsis 


An instrument designed to measure the mechanical properties of soft visco- 
elastic materials with low loss has been built and tested. It is used as a free 
vibration torsion pendulum for obtaining low frequency dynamic mechanical 
properties (0.02 to 10 cycles/sec.) and as a torsional creep apparatus capable of 
measurements involving low stresses (e.g., 100 dynes/cm.*). Since the disc- 
shaped samples are held between two parallel surfaces by means of a normal force, 
measurements can be made on materials whose consistencies defy clamping. 
The maximum angular deformation of the sample can be varied from 0.5 to 1.5°. 
The accessible temperature range is —45 to 160°C. Detection of the motion is 
accomplished with a reflected light beam, a barrier-type photocell and a Sanborn 
chart recorder. 

Dynamic measurements made on the widely studied National Bureau of Stand- 
ards polyisobutylene sample compared favorably with previous measurements 
from this laboratory and elsewhere. Similar experiments on a 10% gel of poly- 
vinyl chloride in dimethylthianthrene showed that storage moduli as low as 10° 
dyne/cm.? and loss tangents as low as 0.07 could be satisfactorily measured. 
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The Dynamic Mechanical Properties of a Model 
Filled System: Polyisobutylene-Glass Beads* 


ROBERT F. LANDEL, Jet Propulsion Laboratory, California 
Institute of Technology, Pasadena, California 


INTRODUCTION 


The effects of fillers on the tensile strength, ultimate elongation, 
and equilibrium modulus of rubbers have been extensively studied. 
On the other hand, relatively little work has been done on the time- 
dependent mechanical properties of filled rubbers. Becker,' studying 
the response of a vulcanized natural rubber in the rubber-to-glass 
transition zone, found that the addition of an unspecified amount of 
silica increased the equilibrium modulus and the low-frequency dy- 
namic modulus but had little effect on the dynamic modulus at high 
frequencies. Blatz*® found that the quasi-equilibrium creep compliance 
of a crosslinked, plasticized synthetic rubber decreased with increasing 
amounts (50 to 70 wt.-%) of an inorganic salt as filler. In both of 
these studies the time-temperature superposition principle*-* was 
found to be applicable, and data obtained at different temperatures 
could be superposed by a simple translation along the time scale. 
Nielsen and co-workers® used a torsion pendulum to measure the 
dynamic modulus and damping as a function of temperature for 
polystyrene filled with a variety of materials. However, they were 
mainly concerned with properties in the glassy region and did not 
attempt to separate the effects of time and of temperature. 

In order to provide experimental data on the effects of fillers on 
mechanical properties in the transition zone as a function of filler 
concentration, we have studied the dynamic shear compliance and 


* This paper presents the results of one phase of research carried out at the Jet 
Propulsion Laboratory, California Institute of Technology, under Contract No. 
DA-04-495-Ord 18, sponsored by the Department of the Army, Ordnance Corps. 
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modulus of a model filled system. To avoid the question of “rein- 
forcing”’ versus “nonreinforcing”’ fillers as well as possible side effects 
related to the type and density of crosslinks, we have chosen an un- 
crosslinked polymer—polyisobutylene (PIB)—containing a nonrein- 
forcing, noninteracting filler—small glass beads. 

As a first approximation crystalline polymers can probably be con- 
sidered to be like highly crosslinked and highly filled systems with 
temperature dependent crosslink and filler densities. Thus, in addi- 
tion to its intrinsic value, a study of simple filled systems might give 
some insight into the mechanical properties of crystalline polymers. 


MATERIALS AND METHODS 


The polyisobutylene (a standard sample obtained from the Na- 
tional Bureau of Standards (NBS) through the courtesy of Dr. R. 8. 
Marvin) has a weight-average molecular weight of 1.56 X 10°. Its 
mechanical behavior has been extensively studied in a number of 
laboratories.’~"° The glass beads are essentially spherical and poly- 
disperse, having an average diameter of 40 microns as determined with 
a Micromerigraph. The size distribution is fairly narrow, 94% of the 
beads being between 20 and 60 microns in diameter. The beads were 
washed in carbon tetrachloride to remove any surface oil which 
might be present and then were dried in a stream of filtered tank 
nitrogen. Weighed amounts of clean beads were then stirred into 
viscous carbon tetrachloride solutions of polyisobutylene to give 20, 
40, and 60 weight-% beads in the PIB. The high viscosity of the 
solutions prevented the beads from settling during mixing. After 
the uniform dispersions were frozen in liquid nitrogen, the carbon 
tetrachloride was removed by lyophilization to give a spongy product. 
The residual carbon tetrachloride in a sample of the composite con- 
taining 60% beads was less than 0.001% as determined by ultraviolet 
absorption. The exact weight concentration of beads in each prepara- 
tion was determined by ignition. Designating the three preparations 
as Systems I, II, and III, the glass-bead concentrations in each were: 
System I, 19.92% by weight or 8.68% by volume; System II, 39.95% 
by weight or 20.30% by volume; and System III, 60.24% by weight 
or 36.65% by volume. 

The complex shear compliance [J*(w) = J’ — i/”] was measured 
at frequencies between 24 and 6000 cycles/sec. and at various tem- 
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peratures between —45 and 70°C. with a Fitzgerald Transducer Ap- 
paratus (Atlantic Research Corp., Alexandria, Va.), which is similar 
to the double transducer of Fitzgerald and Ferry.'' Bubble-free disks 
suitable for study in the apparatus were prepared by molding the 
spongy lyophilizate at 125°C. and 2000 p.s.i. Microscopic examina- 
tion of the disks, especially those prepared from System I, showed the 
beads to be uniformly dispersed. The sample coefficients 2/ph* 
were calculated from the average disk weights m, the average thick- 
nesses measured in situ h, and the densities p. The latter were calcu- 
lated on the assumption of additive volumes and zero volume expan- 
sion coefficient for the beads. The density of the beads, 2.39 g./cm.* 
at 25°C., was determined experimentally. The density and volume 
expansion coefficient of PIB are 0.913 g./cm.* and 6.2  10~*deg.~", 
respectively. '* 

The polymer is easily pulled away from the beads at the higher 
bead concentrations. When this happens, voids form around the 
heads and the samples turn white. The disks must therefore be 
handled carefully to preserve their integrity. Disks of System III, 
for example, cannot be compressed more than about 6 or 7% before 
the separation occurs. The separation might also occur on subjecting 


TABLE I 
Dimensions, Per Cent Compression, and Sample Coefficients 
for the Glass-Bead-Filled PIB Systems Studied 











Sample 
coefficients 
at 25°C., em. 
Concentration Approxi- 
of beads Sam- mate Com- Correc- 
— ple dimensions, pression, Calcu- tion 
System Wt.-% Vol.-% no. in. % lated factor 
I 19.9 8.68 27 Hs X "/1 4.7 33.92 
28 1/4 X '/6 3.9 1.662 0.82 
29 W/e K Ae 4.0 22.44 
30 a XK Vie 5.9 6.88 
II 39.9 20.3 25 a XK Vie 6.8 4.248 
06 4X Vs 5.6 1.644 0.95 
Ill 60.2 36.7 13 Hs XK 1/0 2.5 28.88 21 
14 14 X */¢ 3.1 1.556 1.04 
15 eX Ys 3.4 1.645 0.95 
19 1/4 XK 8/e 4.6 3.865 -- 
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the samples to high or low temperatures because the beads have a 
smaller thermal expansion coefficient than the polymer. Since the 
separation would change the dynamic compliance, measurements 
were repeated at several intermediate temperatures in a given tem- 
perature sequence in order to test for such changes. Ordinarily a 
check run is made only at the initial temperature to insure that the 
samples have not pulled away from the driving surfaces. The latter 
effect would give a vertical shift to the compliance-frequency curve at 
a given temperature while the PIB-bead separation would be expected 
to give both a vertical shift and a changed slope. Only after going to 
70°C. with Sample 13 of System III was there a slight change in the 
slope of the check run curve to indicate a separation. 

All systems were run at essentially the temperatures indicated for 
System III in Figure 1. In some cases, the results for the different 
samples of the same composition did not agree at overlapping tem- 
peratures. This was taken to indicate incomplete adhesion to the 
shearing surfaces. To correct for this effect, the sample coefficients 
were corrected by small factors to bring the data into agreement. A 
complete description of the various samples including the nominal 
coefficient values and correction factors is given in Table I. In the 
two extreme cases, a correction of 20% was necessary, but other 
samples of the same composition required only a small or zero correc- 
tion. 

When the transducer housing was opened at the conclusion of 
measurements on System II, a small amount of isopropanol was found 
to have leaked in from the thermostat bath. However it should not 
have affected the results because the final check runs agreed so well 
with the initial runs, and the leak was so slow that it seems doubtful 
that the initial data could have been in error. The average gain in 
weight of the two disks comprising Sample 25 was 0.2 mg. and, for 
Sample 26, 0.5 mg.—a gain of 0.4% in each case. Thus the PIB 
can contain at best only a trace of diluent. 


RESULTS 


For economy of space, only the initial data for Systera III contain- 
ing 36.7% by volume of beads are illustrated. Values of J’ and J” 
for this system are shown in Figure 1. The results for the other two 
systems are similar: at any given temperature the compliance in- 
creases with decreasing filler concentration. 
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The data for each system were reduced to a standard state of the 
density of the system at a temperature of 12.5°C. At the standard 
state, the concentration of the polymer is therefore different for each 
system. The reduction equations are: 


J.” = J"T p/Topo (1) 
Jd = JIg+ J — J)T 0/Topo (2) 


where p and p» are the densities at the absolute temperature of meas- 
urement 7’ and the standard temperature 7), and J, is the glass com- 
pliance,* i.e., the limiting high-frequency compliance. The latter was 
taken to be 5 X 10-"', 2 KX 10-", and 2 K 10-" em.*/dyne for Sys- 
tems I, II, and III, respectively. We denote the reduced compliance 
by the subscript c instead of the usual p to emphasize the fact that the 
standard state here represents an arbitrary concentration and not 
the concentration of the pure polymer. This is the standard state 
implicit in the work of Becker' and Blatz.* Thus, to convert from 
the standard state of the density of each system (po), to the standard 
state of the density of the pure polymer (po),, J’ and J” must be 
multiplied by the ratio (p./p,)o. But the effective polymer density 
may not always be available to make the conversion—particularly for 
polymers containing moderate to high concentrations of soft porous 
fillers or crystallites because of the absence of a clear-cut boundary 
between the amorphous region and the filler particles or crystallites. 
We therefore prefer to present the results initially in a more directly 
useful fashion which emphasizes rather than suppresses the effects of 
the filler. ' 

The temperature-shift factor ay required to superpose the reduced 
data was the same within experimental error for both compliance com- 
ponents for a given composition. Therefore the method of reduced 
variables® is applicable and all retardation times still depend identi- 
cally on the absolute temperature in spite of the presence of the filler, 
as found by Becker' and Blatz? on their systems. Values of ar 
at any given temperature vary slightly with the filler concentration, 
but the temperature dependence in each case follows an equation of 
the WLF form: 


log ary = —e,(T — T,)/(e2 + T — T;) (3) 


* The nomenclature used is that recommended by the Committee on Nomen- 
clature of the Society of Rheology." 
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Fig. 2. Reduced storage compliance J’, at 12.5°C. of NBS polyisobutylene at 
four levels of filler concentration as indicated, plotted against reduced frequency. 
Data for pure PIB from Ferry, Grandine, and Fitzgerald.® 


Here c; and c: are approximately universal constants, and 7, is a 
standard reference temperature which is about 50°C. greater than the 
glass transition temperature 7',. For pure PIB, 7, is 41° higher than 
T,. By plotting the log ar values for the three composites against 
T — Ty and fitting the data to a corresponding plot of the WLF equa- 
tion, 7', can be approximated. However a more reliable estimate can 
be obtained by comparing the curves with a similar plot for pure 
PIB,* and on doing so one finds that the beads raise 7’, by 2, 5, and 
7°C. for Systems I, II, and ITI, respectively. Such an increase seems 
reasonable because the regions of polymer adsorption will act as weak 
crosslinks and crosslinking raises 7',.'*' 











60 R. F. LANDEL 














SYSTEM VOL % BEADS 


—_ PB oo 

o----- I 8 68 4 
_-_ i] 203 
%7 











«1 ° i 2 3 4 5 6 7 8 9 
Log Wor 
Fig. 3. Reduced loss compliance J’, at 12.5°C. of NBS polyisobutylene at 
four levels of filler concentration, plotted against reduced frequency. 


The superposed data for System III are illustrated in Figures 2 
and 3. Also indicated are the corresponding dispersion curves for the 
filled systems of lower concentrations. The curves for pure PIB were 
obtained from the data of Ferry, Grandine, and Fitzgerald® after re- 
duction from 25 to 12.5°C. The factor T/T po was included in the 
reduction. 

These results show that the magnitude of J’. and J”, diminishes 
steadily with increasing filler concentration. At the same time the 
dispersion zones are broadened; the decrease in slope of the curves is 
plainly evident in the J’, curves. A portion of the difference in mag- 
nitude can be attributed to the fact that the comparison is not being 
made at corresponding temperature states, i.e., at the same number of 
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Fig. 4. Variation of reduced storage compliance J’, and reduced loss compli- 
ance J”. with reduced frequency after converting data of Figs. 2 and 3 to corres- 
ponding temperature states. Standard temperatures are: pure PIB, 25°C.; 
System I, 27°C.; System II, 30°C.; and System III, 32°C. 


degrees above 7’, for each system. On converting to corresponding 
temperature states equivalent to 25°C. for pure PIB, i.e., 27, 30, and 
32°C. for Systems I, II, and III, respectively, one finds, as shown in 
Figure 4, that Systems I and II actually show little change in proper- 
ties from those of pure PIB. Barring the changes in J/,, the results at 
reduced circular frequencies war greater than 10‘ sec.~' are nearly 
identical to those for PIB. The progressive decrease in the slope of 
the log J”. versus log war plots above war = 10° is now somewhat 
more sharply revealed, since J”. for System II lies above the results for 
pure PIB and System I. A comparison of the loss tangents J’/J’ at 
corresponding temperature states (Fig. 5) also illustrates the fact that 
there is little change in going from 0 to 20.3 volume-% beads other 
than the broadening effect already noted; the shoulder found in pure 
PIB steadily widens. However on increasing the bead content to 
36.7%, the primary maximum drops markedly and the shoulder sepa- 
rates into a second maximum. 
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against reduced frequency. 


DISCUSSION 
Dependence of Modulus on Filler Concentration 


To facilitate the following discussion we recast the results in terms 
of the storage modulus G’, and the loss modulus G’, (Fig. 6). Note 
that at high reduced frequencies the beads affect G” more than G@’, 
whereas they influence J’ more than J”. 

According to the Guth-Smallwood".'* theory of the reinforcement 
of rubber, the equilibrium modulus M of a filled system should be 
related to the modulus M, of the unfilled rubber as follows: 


M = Mi(1 + 2.56 + 14.1¢°) (3) 
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Fig. 6. Reduced storage modulus G’, and reduced loss modulus G", at corre- 
sponding temperature states plotted against reduced frequency. 


where ¢ is the volume fraction of filler particles. This equation is 
derived for the case of spherical filler particles in a medium which 
wets but does not react with the particle surface. A. M. Bueche” 
treats the case in which there are strong interactions between the 
rubber and the filler, but the Guth-Smallwood model seems more 
directly applicable here. 

Assuming that eq. (3) holds for dynamic as well as static condi- 
tions, we then divide the data for the three compositions by an ap- 
propriate correction factor F(= 1 + 2.5¢ + 14.1¢7). The results 
(Fig. 7) show that the modulus in the rubbery region is predicted 
extremely well by eq. (3). The dispersion curves for System III, con- 
taining 36.7% beads, now agree within a tenth of a log unit with those 
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of pure PIB up to war = 10‘ sec.—'. At progressively higher reduced 
frequencies, eq. (3) overcorrects for the presence of the filler, and the 
curves for the filled systems diverge from and fall below that for un- 
filled PIB. 

Actually eq. (3) as given is not applicable in the region of high rubber 
modulus. Two assumptions made in its derivation are not valid in 
that the modulus of the rubber approaches that of the filler and 
Poisson’s ratio for the rubber is less than 0.5. However, Eshelby?' 
has treated this problem in detail, and from his results it is clear that 
even when the moduli differ by only a factor of 10 and Poisson’s ratio 
is 0.33, the first virial coefficient in F will decrease only slightly, i.e., 
from 2.5 to 1.76. Although the change is in the right direction, its 
magnitude is far too small. Figures 4 and 6 show that for the low 
bead concentrations F should decrease to unity at about war = 104. 
Furthermore the loss tangent for System III demonstrates pointedly 
that the same correction factor cannot apply to both G’ and G’. If 
it could, the shape of the tan 6 plot (Fig. 5) would be unchanged by 
the presence of the filler. 

On the other hand, eq. (3) is certainly useful as a rough guide to 
filler effects in spite of its acknowledged limitations. The adjusted 
curves for the four systems in Figure 7 are nearly identical at low and 
moderate frequencies. Their spread at high frequencies after apply- 
ing the correction factor is not much greater than that originally found, 
even at the highest filler content. 

When strong polymer-filler bonds exist and eq. (3) is not applicable, 
it is to be expected that the use of the appropriate theory relating M 
and M, will serve to predict the dynamic properties in the rubbery end 
of the transition zone. Thus A. M. Bueche’s” theory would predict 
a variable first virial coefficient instead of 2.5 and zero for the second 
virial coefficient. The numerical value of the coefficient would depend 
on the number of polymer-filler bonds and could be evaluated ex- 
perimentally. It can be very large, e.g., 80 for a silicone rubber con- 
taining Aerosil as a filler.” 


Relaxation Spectra H 


The relaxation spectra H, at corresponding temperatures were cal- 
culated from the composite curves of Figure 7 by the usual second 
approximation methods.”*** For each system, except System I at 
the shortest times, values calculated from G/ were in good agreement 
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Fig. 7. Reduced storage and loss moduli at corresponding temperature states 
divided by the Guth-Smallwood factor F and plotted against reduced frequency. 


with those from G’,. The results are given in Table II, where the 
data of Ferry, Grandine, and Fitzgerald® for pure PIB are included 
for completeness. The weighted curves* through these points are 
shown in Figure 8. As with G” of Figure 6 the addition of the beads 
causes a slight decrease in the slopes of the curves and a progressive 
increase in the overall magnitude of H. 


Retardation Spectra 1 


The retardation spectra L, were calculated from the composite 
curves of Figure 4 by the second approximation methods.**** The 


* The values calculated from G’ and J’ are more accurate on the long-time side 
of a region of curvature.** 
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Fig. 8. Relaxation and retardation spectra H, and L, reduced to the densities 
of the systems at corresponding temperature states. 


values are given in Table III and are also plotted in Figure 8. Again, 
those calculated from J/ are in good agreement with those from 
ae. 

The beads depress the magnitude of L, and broaden the peak. 
They do not change the ratio of the maximum value of L, to the 
equilibrium compliance from the value of 0.20 found for pure PIB.** 
Thus, although the polymer may be absorbed on the surface of the 
beads, it is too weakly bound to reduce this ratio to a value of about 
0.14 as found in a crosslinked polyurethane rubber” and in gels of 
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cellulose tributyrate and polyvinyl! chloride, which are crosslinked by 
crystallites.** 


Influence of Fillers on Relaxation and Retardation Times 


Application of the Guth-Smallwood treatment to H, or L, for the 
purpose of evaluating the effects of the filler would be unsatisfactory, 
even though it would certainly account for the separation of the spec- 
tra at r > 10~‘ sec. as it does for G.’ and G",. The underlying theory 
is that of elastic bodies, and considerations on a molecular scale do not 
appear. To find such a molecular explanation for the differences be- 
tween the spectra, we first convert to the standard state of the pure 
polymer, e.g., to H,, so that the effects of different amounts of beads 
are partially removed and the spectra represent the polymer only. 
While we can convert formally by multiplying by the density ratio 
as previously indicated, it is instructive to consider the conversion in 
more detail with the aid of a hypothetical model. 

Suppose we have a rubber strip which elongates, say, 100% under 
a given force. Now apply the same force to a composite strip of the 
same total length, consisting of a strip of rubber half as long as the 
first piece and joined at its end to a strip of glass. The rubber section 
will still elongate 100% but the overall elongation will be only 50%, 
and the overall modulus will be twice that of the all-rubber strip. 
Formally, the rubber had been diluted; its concentration per unit 
total length has decreased, but in contrast to the usual effect of dilu- 
tion the overall modulus has increased. Yet the modulus of the 
rubber in the strip is the same. To see whether there is any real 
change in the properties, the modulus has to be compared on the 
basis of the unit of the length which i: effective in the deformation, 
i.e., that of rubber only. 

Similarly the comparison between the filled and unfilled PIB should 
be made on the basis of the effective or deformable volume. More 
specifically, the comparison should be made in terms of the number of 
polymer chains per unit effective volume. Therefore H, has to be 
corrected by the factor p,/p,. This reduction to the state of the pure 
polymer for the glass-filled composite is equivalent to displacing all 
of the beads to one end of the sample and fusing them to a solid mass. 
By doing so, we account for what might be called the pure concentra- 
tion effects but ignore all interaction effects. Any remaining dif- 
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Fig. 9. Relaxation and retardation spectra H, and L, reduced to the standard 
state of the pure polymer at corresponding temperature states. 


ferences between H, for pure PIB and H, for the composite must 
therefore originate in these interactions. 

Figure 9 shows the results of the reduction. The spectra are es- 
sentially unaffected by the beads at short times but diverge at longer 
times. We interpret this divergence as the result of the partial im- 
mobilization of portions of the polymer chains by adhesion. This 
pinning of the chains reduces the average segmental mobility just as 
entanglements do,***7 and causes a portion of the spectrum to be 
shifted toward longer times. As a result there is a tendency for a 
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Fig. 10. Idealized description of the effects of entanglements and adhesion on the 
shape of the distribution function. 


plateau to be formed, just as it is by entanglements. But while en- 
tanglements actually produce a plateau—the box of the idealized 
wedge-box distribution—the effects of adhesion merely change the 
wedge angle. This is indicated schematically in Figure 10. For 
either entanglements or adhesion the location on the time scale of the 
maximum in H found at short times (the apex of the wedge) is un- 
changed but for smaller values of H there is a shift toward longer 
times. The main differences between the two mechanisms are that 
(a) the effects of adhesion do not enter so abruptly as they do with 
entanglements, and (b) the magnitude of the effect is less. These 
differences can be explained as follows: 

(a) The effects of entanglements appear rather abruptly because a 
critical chain length is required before chains can entangle efficiently. 
(For PIB, the molecular weight between entanglements is about 
13,400.) Thus entanglements are restricted to longer chains. The 
shorter segments are oblivious to conditions at the ends of the chains, 
and their average friction coefficient for motion is unchanged. As a 
result, when studies are made at progressively longer times there is a 
transition from a response characteristic of the unhindered segmental 
motions to a response in which the entanglements prolong the re- 
laxation times. The region of the transition is evident in H as a 
change in the slope of a log H — log r plot from a value near —0.5 
to a value near zero. 
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On the other hand, there is no limitation to the length of a chain 
between adsorption points. Therefore the effects of adhesion are not 
restricted to long segments and there is no abrupt transition from un- 
hindered to hindered motion. In addition, most of the short seg- 
ments are in the bulk polymer phase, so far removed from the filler 
surface that only a small percentage of them suffer a reduced mo- 
bility. Hence, there will be little shift in H at short times. Long 
segments, on the other hand, will be both fewer in number and have 
more adsorption sites per segment than the short segments. There- 
fore, not only will relatively more of the long segments have a reduced 
mobility, but also the amount of the reduction will be greater. As a 
result, shifting of H is relatively greater at longer times, where H has 
lower values. This changes the wedge angle and flattens the relaxa- 
tion spectrum in the transition zone. 

(6) The lesser magnitude of the shift resulting from adhesion can be 
explained as follows. According to F. Bueche’s** theory of the in- 
crease in macroscopic viscosity associated with entanglements, the 
increase in the segmental friction coefficient (and thus the extent of 
the shift of H on the time scale) will depend both on the number of 
secondary molecules pulled along by a primary molecule and on a 
slippage factor which is determined by the strength of the binding of 
two chains at an entanglement point. For the case of a primary 
molecule adsorbed on a filler particle, so long as the segment remains 
adsorbed the number of secondary molecules is enormous, consisting as 
it does of all other molecules adsorbed to the same particle. However, 
it will be easier to desorb a weakly held chain than it will be to disen- 
tangle two chains, and so the slippage factor will be much smaller. 
Therefore the overall increase in the friction coefficient is less for 
segments bound to a filler surface by van der Waals forces than it is 
for segments involved in entanglements. (The reverse is true for 
tightly bound segments.) As a corollary then, the magnitude of the 
shift in H toward longer times will also be reduced. 

Thus the net effect of adhesion is to decrease the slope of H by 
shifting the smaller H values toward longer times, with the extent of 
the shift depending on the strength of the bond between the chain 
and the filler surface.* In the present case the bond is weak and the 


* In the discussion following the presentation of this paper, Mr. L. Zapas re- 
ported that this prediction is confirmed by unpublished experiments at the Mel- 
lon Institute on natural rubber and GR-S containing both active and inactive 


carbon blacks. The more active blacks do indeed flatten the modulus dispersion 
curves. 
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shift is small, but in crystalline polymers the bond is a primary 
chemical bond and H should be quite flat. We believe this shifting 
effect possibly in conjunction with the non-Gaussian statistics of 
short-chain segments between crystallites, explains the relatively flat 
spectra in the transition zone which Tokita*®® finds for nylon 6 of 
varying degrees of crystallinity. The slopes of the log H — log r 
plots at long times are about —'/,, half that predicted by the Rouse* 
theory. 

In this connection note that the Rouse theory applies to free-drain- 
ing coils while the Zimm*' theory applies to partially shielded coils and 
predicts a slope of —*/;. In the latter case the monomeric friction 
coefficient does not have a constant value but increases toward the 
center of the coil according to the Kirkwood-Riseman® theory for 
hydrodynamic interactions within the coil. On the other hand, in 
crystalline or highly filled systems the lower segmental mobility for 
longer segments means that the friction coefficient decreases toward 
the center of the coil. Thus a coil effectively acts like a “shell,’’ more 
free-draining in the center than at the periphery. Since, with the 
exception of the increasing friction coefficient, the Zimm and Rouse 
treatments are formally identical, it seems likely that an analogous 
treatment with a decreasing coefficient would predict the lower value 
of the log H — log r slope which is experimentally observed. More- 
over it might permit a correlation between the magnitude of the slope 
and the extent to which the coils behave like ‘‘shelis.” 

On the other hand, the extremely flat spectra for polyethylene™ at 
17 to 20°C. represent the response in what is equivalent to the rubbery 
region for amorphous systems. Ferry** surmises that the molecular 
origin of the relaxation mechanism “‘. . . may well involve separations 
of chains from the periphery of crystallites and subsequent ordering 
in other positions.” 

Since the moduli of Systems I, II, and III differ from those of PIB 
by constant factors at long times, the relaxation distribution func- 
tions of Figure 9 must be parallel in this same region. Therefore the 
distribution functions for the composite systems follow the Rouse 
slope of —'/: just as does pure PIB, and the effect of the filler on the 
average monomeric friction coefficient {o?' can be calculated. For the 
60% composite it turns out that {> is increased approximately three- 
fold. 
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CONCLUSIONS 


(1) The filler increases the modulus and broadens the dispersion 
zone. The increase in modulus at long times can be interpreted quan- 
titatively in terms of classical elasticity theory, i.e., the Guth-Small- 
wood equation. A qualitative molecular interpretation assigns the 
increase in modulus at short times to concentration effects and the 
broadening of the dispersion zone to an increased average segmental 
friction coefficient for longer segments as a result of the adsorption 
of the polymer to the filler surface. The stronger the adsorption, the 
broader the dispersion zone, thus accounting for the much flatter 
modulus-frequency curves for crystalline systems, where the chains 
are “bound” to the “filler” by primary valence bonds. 

(2) The form of the temperature dependence of the relaxation times 
is not changed by the addition of the filler, although 7’, is. Thus in 
crystalline systems, where the “filler concentration” is temperature- 
dependent, temperature superposition cannot hold because of changes 
in both the modulus and time scales due to the changing degree of 
crystallinity. It is implied, therefore, that data obtained on filled 
systems over a wide time scale might not obey time-temperature 
superposition, especially if the strength and extent of the adsorption 
to the filler are temperature-sensitive. 
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Synopsis 

The dynamic mechanical properties of three dispersions of 40-micron-diameter 
glass beads in NBS polyisobutylene were studied in the rubber-to-glass transition 
zone. These dispersions contained 8.7, 20.3, and 36.7% beads by volume. The 
real and imaginary components of the complex shear compliances were measured 
in a Fitzgerald Transducer Apparatus at frequencies between 24 and 6000 cycles/ 
sec. and at temperatures between —45 and 70°C. The temperature shift factors 
required to superpose the compliance data for the three dispersions are nearly iden- 
tical to those for unfilled polyisobutylene. The reinforcement in the long-time 
end of the transition zone is predicted by the Guth-Smallwood equation: 


M = MA1 + 2.5¢ + 14.19%) 


where M, is the modulus of the unfilled polymer and ¢ is the volume concentration 
of the filler. However the filler broadens the dispersion curves, and consequently 
the equation does not hold at shorter times. Certain similarities between the 
properties of the dispersions and those of crystalline polymers are described. 
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A Photographic Study of Liquid Flow 
in a Roll Nip 


J. C. MILLER* and R. R. MYERS, Chemistry Department, Lehigh 
University, Bethlehem, Pennsylvania 


INTRODUCTION 


Variables which are known! to influence the amount of transfer 
and perhaps the quality of films applied to substrates by rolls are the 
porosity of the two surfaces, the speed, the amount of material, and 
the rheological properties of the coating. These variables influence 
the amount of material transferred via a mechanism involving the 
compression of a thin wedge of liquid and its subsequent splitting on 
the downstream side of the nip. 

The work reported here differs from previously reported studies of 
flow between rolls in that it covers the transition region between 
laminar shear in the nip and the behavior of the free boundary down- 
stream from the nip. In the first mentioned region, Gaskell* has pro- 
vided a mathematical analysis of flow from the point where the two 
wetted roll surfaces come into contact to the point where the surfaces 
are no longer separated by a continuous liquid layer. Gaskell’s 
work has been amplified by Finston* and Gatcombe,* and has been 
confirmed experimentally by Bergen and Scott. For the second, 
filamentation, region, the equation of Stefan* appears more appropri- 
ate, but is not applicable to the present problem without extensive 
revision. The intermediate region in roll kinematics in which the 
laminar shear of the region of continuous liquid contact gives way 
to cavitation involves a highly complex flow pattern leading eventu- 
ally to the formation and elongation of filaments. 

Figure 1 shows the velocity gradients and pressure profile derived 
by Gaskell for the nip region where the surfaces are separated by a 


* Present Address: Union Carbide Plastics Co., Division of Union Carbide 
Corporation, Bound Brook, New Jersey. 


a 
4a 








78 J.C. MILLER AND R. R. MYERS 


LIQUID 








PRESSURE 


“s ~ * 








Fig. 1. Pressure and shear profiles in the roll nip for the cone and disc (after 
Gaskell). 
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Fig. 2. Film splitting on a roll system. Exposure, I{millionth of a second. 
(Courtesy of R. R. Donnelly; taken by O. G. Linnell.) 


continuous liquid film. The extreme right-hand portion of the pres- 
sure profile is of major interest because it shows that the liquid under- 
goes tension in that part of the roll coating process which determines 
the quality of the applied coating. 

Early attempts to photograph nip flow have captured only the 
filaments; never the cavities which were postulated as the precur- 
sors of filaments.’~* The first experimental efforts directed towards 
observing the mechanism by which a film splits were done by Sjodahl, 
who suggested that the interior of the nip be investigated by the 
present method. Figure 2 is an early high-speed photograph of a 
roll system taken parallel to the axis of rotation. Filaments of 
liquid many times the original film thickness can be seen clearly on 
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this photograph, and are also evident on a motion picture made by 
the Interchemical Corporation.’ Banks and Mill” photographed an 
immersed roll system and advanced the hypothesis that the sequence 
of action of a splitting film on rolls involved cavitation and then elon- 
gation of the resulting filaments. 


EXPERIMENTAL 


The requirements for the roll system used in the present photo- 
graphic investigation are that one of the rolls be transparent to per- 
mit photography and that it be large enough to admit the camera. 
The modified roll system designed from these requirements is shown 
schematically in Figure 3. One of the rolls is flattened into a cir- 
cular glass disc, while the other is a steel cone, whose largest di- 
ameter is one-fourth the diameter of the disc. The disc rotates around 
its axis perpendicular to the plane of the circle, while the apex of the 
cone is positioned at the center of the disc and rotates without slip- 
page against the surface of the disc. This construction gives an area 
of observation of the nip which is motionless with respect to an exter- 
nal observer, while both rolls rotate around their axes. 

Figure 4 is a photograph of the cone and disc apparatus assembled, 
and Figure 5 is a detailed drawing of the construction of the assembly 
holding the cone. The yoke is self-aligning with respect to the disc 
surface and the liquid film. Force is applied to the cone through the 
spring assembly marked S. Both the disc and the cone were rim- 
driven with variable speed Graham transmissions. 
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Fig. 3. Exploded view of cone and dise roll system. 
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For detailed information on the nip flow, low power microscope, a 
high intensity (short duration) flash lamp, and a recording camera 
were necessary. The microscope was a simple tube with interchange- 
able objectives and eyepieces. The eyepieces were 5, 10, and 15 
power, and the objectives 2 and 4 power with working distances of 48 
and 32 mm., respectively. Long working distances were necessary 
because the objective had to be at least one inch (the thickness of the 
glass plate) from the subject. The camera was a mirror reflex 35 
mm. Alpa Alnea Model 4 with a focal plane shutter. 





Fig. 4. Dise and cone roll system. 


Reflected light from a microsecond flash lamp was used in taking 
individual pictures, and flood lamps were used in cinematography. 
The flash bulb was placed near the surface of the disc beside the micro- 
scope and positioned to about 30° from the microscope axis. The 
path of the light was through the glass plate, through the liquid in 
the nip, onto the surface of the cone from which it was reflected 
back through the liquid and glass into the microscope. The micro- 
second flash equipment used in the experiments was designed specifi- 
cally for photographing roll nips. The light and reflector were only 
3 inches in diameter and connected to the electrical source by a flexible 
cable. The small size of the lamp and flexible cable made a versatile 
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unit for work in small spaces and was ideal for this study. A dis- 
charge of 40,000 volts across the lamp in 2 to 3 microseconds pro- 
duced a flash of sufficient intensity to obtain good photographs with 
a fast film. The shutter of the camera and the flash were synchro- 
nized, so that the flash duration determined the exposure time. 

The film used for recording was the fastest commercial film avail- 
able, Eastman Kodak Tri X with an ASA rating of 160 tungsten, 200 
daylight. The developer was a low contrast, fine grain developer 
producing the best detail possible from the latent image. 
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Fig. 5. Detail of cone yoke and spring assembly of dise cone. This mechanism 
was designed to be self aligning with the liquid film. 


The high speed motion pictures were taken at 2000 frames/sec. 
on duPont film with a Fastax high-speed camera in the Bell Labora- 
tories in New York. 

The problem of lighting the subject in high-speed motion pictures 
is usually the greatest experimental difficulty. Photographing through 
a microscope increased this problem considerably. In order to supply 
adequate light to the cone and plate, four 1000 watt lights were focused 
on a small area of the plate, two on either side of the microscope and 
two behind the glass disc. 
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The liquid investigated was a low molecular weight polybutene 
supplied by Oronite Chemical Co., designated as 24, and a dispersion 
of hydrophobic silica in the same polybutene. Both the polybutene 
and the dispersion were transparent with little color, a prerequisite for 
photographic work. 

To distribute these films on the cone and disc, a volume of liquid 
from a pipet was spread on the plate, a portion of each of the quad- 
rants. The drive to the plate was engaged and the roller system run 
until the film appeared to be evenly spread over the surfaces of both 
cone and disc. After distribution of the film on the dise and cone, 
the equipment was stopped and the microscope focused on the cone 
surface and adjusted so that the liquid film contact area in the roller 
nip was in the center of the photograph. The desired force was 
applied by tightening the screw D on the spring S shown in Figure 5. 

Operation of the cone and disc while photographing consisted of 
matching the tangential velocities of each member at the desired 
velocity and then taking photographs under each experimental condi- 
tion. All photographs for a given film thickness were taken on the 
same area of the glass disc to minimize the effect of surface variations 
of the dise (as much as 0.005 in.). The average film thickness was 
determined by scraping the area of the plate where the photographs 
were taken with a razor blade and weighing the liquid material 
removed. 

A vacuum tank large enough to hold the roll system and driving 
motors was designed to take pictures at pressures lower than atmos- 
pheric. The problem of taking the pictures in the evacuated tank 
was solved by including a glass viewing port which was built close 
enough to the disc surface to enable focusing of the microscope on the 
cone. A differential mercury manometer was used to measure the 
pressure inside the tank. 

Because of the possibility of temperature changes during a run due 
to heating from the motors, a calibrated thermistor was taped to the 
cone holder and its resistance recorded during the run. In general, 
heating did not occur until the pressure was increased after prolonged 
operation under vacuum. The temperature of the apparatus during 
an experiment was room temperature (25-27° C.) since enclosing the 
apparatus resulted in large temperature increases due to the heat 
developed by the electric motors. 
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RESULTS 


Figure 6 is a group of low magnification photographs taken at 
three different roll velocities with a 200 poise polybutene. Figure 6a 
is approximately 0.2 cm./sec. and the direction of motion is towards 
the bottom of the photograph. The splitting boundary is at the 
bottom of the photograph in the form of arches which are open in the 
direction of motion, and the merging boundary of the films is repre- 
sented by the wavy line at the top of the photograph. The smooth 
area with striations in the center of the photograph is the contact 
area or nip of the rolls. These striations are polishing marks on the 
metal cone. 





(a) (b) (c) 
Fig. 6. Typical photographs of splitting. (a) Low shear. (b) Moderate shear. 
(c) High shear. 


Fig. 7. Structure and flow of web at low shear. The webs are spaced regularly 
across the roll at the nip exit. 
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Separation of the film at low speeds proceeds by simple flow into a 
unique pattern of webs perpendicular to rolls. Figure 7 depicts the 
structure and flow pattern in the web. This pattern of flow is called 
the first regime of splitting. 

Figure 6c shows the splitting mechanism as it appears at roll veloc- 
ities above 20 cm./sec. The formerly clear-cut boundary flow at 
the nip exit has disappeared and in its place is a rough discontinuous 
pattern which is the result of the filamentation shown in Figure 2. 
In the contact area can be seen cavities whose size depends on the 
distance from the splitting or cavitation line. A definite increase 
in size can be observed from the line where the cavity is first visible 
and where its life ends. A large number of photographs has shown 
that cavities appear at a definite line parallel to the roll axis. This 
pattern of flow is called the second regime. Figure 6b portrays the 
transition region between the web splitting and the cavitation-fila- 
mentation sequence. Only a few cavities are formed and these grow 
elliptically as they move out of the nip. The origin and growth of the 
cavities were observed most clearly in the high-speed motion pictures 
and confirmed the interpretation of the still photographs that growth 
was related to the distance of the cavity from the nip center. 

The high-speed motion pictures also showed two additional char- 
acteristics of the free boundary which can only be observed by pro- 
jection. The position of the free boundary on the splitting side of the 
nip can be observed to vary slightly in and out of the nip; and when 
a cavity grows to a large size and approaches the splitting interface, 
an implosion of the cavity occurs because its pressure is consider- 
ably less than atmospheric. The distance from the nip at which this 
implosion occurs is not apparent from the still photographs, but is 
evident in the motion pictures. 

As liquid is added to a roll system with a fixed clearance, the excess 
liquid accumulates at the entrance of the nip until a bank of rotating 
liquid becomes visible. For limited amounts of liquid no bank is 
visible to the unaided eye and the presence of a bank could not be 
proved, although all theoretical developments pointed out the neces- 
sity of the bank.'' With the development of photomicrography of the 
nip area, the investigation of microscopic banks became feasible. At 
the low speeds depicted in Figure 6a, where the limit of the bank is a 
straight line, microscopic bubbles can be seen which follow a path 
towards the nip, then away from the nip, and illustrate the flow pat- 
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(a) (b) (c) 
Fig. 8. Influence of roll speed ratio on splitting mechanism. Differential veloci- 
ties have a pronounced effect on number of cavities. (a) 1:1. (b)1.2:1. (¢) 1.4:1. 


tern in the bank. Photographs at higher speeds show no bubbles at 
the entrance; furthermore, the line representing the entrance free 
boundary is irregular as in Figures 6b and 6c. The serrations in the 
line are the result of the irregular film left on the roll after splitting. 
From the theory of flow on a roller system and the nondeviation of 
the line of cavity formation, the conclusion has been reached that a 
bank does indeed exist, and that the appearance of an irregular line of 
contact must mean that the bank is small compared to the fluctuations 
in the film thickness. 

The influence of differential roll speeds is remarkable. Three 
photographs taken with constant disc velocity and decreasing cone 
velocity are shown in Figure 8 where roll speed ratio defines the veloc- 
ity differential. The number of cavities decreases rapidly as the 
roll speed ratio increases until the flow reverts from the second regime 
to the first regime. The change suggests that laminar shear imposed 
on the separation alters the pressure profile and reduces the forces 
necessary to separate the film. Heidebroek and Pietsch’? discovered 
a similar phenomenon in the separation of parallel plates. A small 
lateral shearing motion before separation drastically reduced the force 
required for splitting the film. 

One observation which is difficult to explain in terms of Gaskell’s* 
theory is the apparent decrease in the bank size with increased speed. 
This may be due to an increase in clearance with increased speed. 

Quantitative results on cavity formation as a function of the instru- 
ment variables were obtained by counting the number of cavities 
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formed at the cavitation line. Although the average number of 
cavities produced in the cavitation zone was the measurement desired 
and the main effort was devoted to developing a suitable counting 
technique, other measurements which could be made include: (1) 
Distribution of cavity sizes; (2) rate of cavity expansion; (3) posi- 
tion of the line of contact at the nip entrance; and (4) position of 
cavitation line. 

All these data were obtained in selected experiments, but the major 
effort was concentrated on developing a simple technique for counting 
cavities which would be linearly related to the number of cavities in 
the area defined by the length of the expansion zone per unit of roll 
length. The data presented represent hundreds of exposures. 

The first counting method attempted was to count the number of 
cavities, B, per centimeter touching a line placed randomly in the 
field parallel to the line of cavity formation. The technique was 
later changed to placing lines at 0.5 cm. intervals in the expansion 
field. Where the cavity diameter was greater than 0.5 cm. at 40 
magnification, this method produced data indicating that nucleation 
continued in the expansion region, while no nucleation persisted be- 
yond the cavitation line when the cavities were less than 0.5 cm. in 
diameter. Table I lists the line counts at increasing distance from 
the nucleation line for three speeds. 











TABLE I 
Values of B for Three Roll Speeds 
Rev./sec. 0.27 0.65 1.21 
Distance from 

nucleation line (cm.) Ave. no. of bubbles/em. (40x ) 
0.012 sS 32 68 

0.025 12 36 60 

0.037 14 44 60 

0.050 18 32 56 





The following technique was adopted for small numbers of cavities 
in the field. All the cavities in an area behind the first line position 
were counted and the line moved 0.5 cm. away from the nucleation 
line. The total number of cavities behind this new line was counted 
and the difference between the two counts was adopted as the number 
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Fig. 9. Comparison of line and difference counts for low bubble count showing the 
effect of increased bubble size on line count. 


of cavities formed at the nucleation line. Figure 9 is a comparison 
of the line and area counts as a function of distance from the cavita- 
tion line. The area count established that the apparent nucleation 
in the expansion field was an artifact of the line counting technique. 

A large number of qualitative observations had established that 
roll speed was the major influence on the number of cavities per cen- 
timeter and that film thickness and force on the cone altered the speed 
effects in a complicated manner. Quantitative investigation and 
separation of the variables of speed, force, and film thickness was 
accomplished by designing a factorial experiment'* which involved 
three levels of each variable. The levels were chosen to encompass 
the range of each variable unless limited by the cavity counting pro- 


TABLE II 
Cavity Counts from the Factorial Experiment 





Velocity (rev./sec.) 








ss 0.96/22 1.95/29 2.97/24 
Film 
thickness Force (kg. ) 
(em. X 10*) 1.7 3.4 6.9 ee 3.4 6.9 1.7 3.4 6.9 
12 2:3 1.4 23.2 §.2 6.5 5.8 8.1 12.8 10.9 
3.4 5.5 2.0 12.5 12.7 3.9 19.3 16.5 14.0 
22 ae ae. cee 18.2 14.0 10.2 29.5 28.8 21.3 
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TABLE III 
Variance of Main Effects and Interactions in Average Number of Cavities 
Degrees Signifi- 
of cance 
Sum of free- Mean Variance level, 
squares dom square ratio % 
Velocity 1049 .73 2 524.86 126.47 99 
Film thickness 302.83 2 151.41 36.48 99 
Force 62.27 2 31.13 7.51 95 
Velocity-film thickness 193.71 4 48.43 11.66 99 
Velocity-force 16.68 4 4.17 1.00 <90 
Force-film thickness 45.73 4 11.43 2.75 <90 
Total 1670.95 
Residual 33.24 8 4.15 





cedure. Three photographs were taken at each of the 27 permuta- 
tions of variables included in the experimental design and the data 
analyzed for the effects of the major variables and any interactions 
between two of the variables. The data presented in Table II are the 
average number of cavities per centimeter counted on three exposures. 
The three factor interaction was small and, consequently, used to test 
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Fig. 10. Influence of operational variables on bubble formation. Speed represents 
the major influence on cavitation rate. 
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the significance of the two factor interactions and main effects. Table 
III lists the results of the analysis of variance for the experimental 
results. 

Only one interaction is found significant, the velocity-film thick- 
ness, whose components also are highly significant as main effects. 
Interpretation of this result on the basis of mean square magnitudes 
suggests that film thickness is probably not significant as a main effect. 
The low significance level of the force effect may be due to the limited 
range of pressure in the nip, a factor which should be influential on the 
formation of cavities. 

Averaged data for the three main effects are shown in Figure 10 
where the cavitation rate is plotted versus the instrument variables. 
These curves illustrate graphically the relative importance of the 
variables as indicated by the range of the cavity count associated 
with the variable. The influence of speed on the cavitation can be 
explained by analogy with nucleation phenomena in precipitation 
reactions. Previously it had been explained that a critical velocity 
is necessary to produce cavities and now the results show a marked 
increase in cavitation rate with increasing velocity. This behavior 
is markedly similar to the results of a precipitation reaction where a 
certain concentration of compound is necessary to produce precipita- 
tion and the size of the precipitate is influenced by the speed with 
which the precipitation occurs. 

Another similarity to precipitation reactions was discovered in the 
bubble distribution curve shown in Figure 12. The apparent log 
normal distribution is the same type of distribution found by Kott- 
ler for silver halide precipitates. Figure 11 illustrates the increase 
in cavity size as a function of the distance from the cavitation line. 
The result is linear as might be expected from the roughly linear 
increase in clearance between the roll and disc for small ares. 

One external variable, ambient pressure, was investigated because 
of experiments reported previously” which established that the work 
necessary to split a film increased with decreased ambient pressure. 
A hypothesis that dissolved or dispersed air was the primary nucleant 
in the rapid splitting of thin films was developed from this finding and 
also from Banks’ data” that unpurified liquids would only support 
one atmosphere tension. This hypothesis of air nuclei suggests that 
an alteration in the film splitting pattern should occur with decreasing 
pressure, but numerous photographs of splitting down to 0.1 atmos- 
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Fig. 11 (left). Rate of bubble expansion after cavity formation in the roll nip. 
Fig. 12 (right). Logarithmic normal distribution of bubble areas for two velocities. 


phere pressure revealed no change in splitting behavior. The in- 
creased work apparently reflects a decreased contribution from expan- 
sion of the gas inside the cavity. 


DISCUSSION 


One of the major goals of this kinematic study is the development 
of concepts which will help ultimately to define the forces involved in 
the rapid splitting of liquid films. 

Flow in the nip can be divided conveniently into four regions: 
laminar flow, cavitation, cavity expansion, and filamentation. The 
dynamics of these regions may or may not be amenable to practical 
measurement on a roll system, but calculation of the forces based on 
reasonable assumptions have led to the design of experiments based 
on the temperature dependence of B and its relation to the tempera- 
ture dependence of the viscosity, surface tension, and pressure-vol- 
ume product which contribute to B and the cavity expansion. Gas- 
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Fig. 13. Model for calculation of bubble pressure, surface tension, and viscosity 
stresses. Motion is in upward direction. 


kell? has adequately described the dynamics of the laminar flow region 
in the absence of temperature changes, Banks and Mill" have at- 
tempted to determine experimenta!ly the tension a liquid will support 
before cavitation occurs, and Voet" has discussed the dynamics of 
the filamentation region when the filament elongation is viscoelastic. 
The dynamics of the expansion have not been considered previously 
and will be discussed here. 

There are at least three forces contributing to or retarding the ex- 
pansion of the cavity after its formation. Resisting the expansion 
are surface tension y and viscosity 7. If air is contained in the cavity, 
then the air will provide PV work to the system during expansion. 
The order of magnitude of these terms and their relative importance 
in the expansion zone are to be investigated. 

The model to be utilized in the following discussion is shown in 
Figure 13 which is representative of a small block of liquid just after 
the cavities are formed. The major characteristic of the block is that 
the volume of cavities is much smaller than the volume of liquid, a 
limitation necessary to realize the assumptions of the equations. A 
number of defects are recognizable in this calculation: the total liquid 
flow is not accounted for and the flow process may be accompanied 
by elastic effects since this liquid is slightly viscoelastic. 

Table IV lists the dimensions taken from a photograph which will 
be used, and Table V the physical properties of the polybutene. The 
Um product arises because the velocity important in the splitting 
forces is the separation velocity U, of the roll and disc, and not the 
tangential velocity of the rolls. 
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TABLE IV 


Approximate Measurements of Bubbles 


Radius of bubble, r 10 & 10°* em. 


Radius of liquid, R 80 X 10-* em. 
Film thickness, h 70 X 10>* em. 
Rate of bubble expansion, dr /di 0.40 em./em. X 26 em. /sec. = 10 em./sec. 


TABLE V 


Physical Properties of Polybutene 24 


Surface tension, 4 30 dynes/em. 
Density, p 0.88 g./em.' 
Um Product (» = 200 poises) 50 dynes/em. 


The contributions of the various force components are shown in 
Table VI. The viscous term is a modification of Stefan’s equation 
for the separation of parallel plates developed by Banks and Mill;" 
the expressions which represent surface tension and rate of cavity ex- 
pansion were derived by Plesset"’ and substantiated by Dergarabe- 
dian ;'* and the ideal gas law is used for the estimation of cavity pres- 
sure where m is the number of gas molecules in the cavity. 


TABLE VI 
Tension Contributed by Viscosity, Surface Tension, and Gas Pressure in the 





Bubble 
Viscosity —(3U mR*/h*) —28 X 10* dynes/em.* 
Surface tension —(4y/r) —12 X 10‘ dynes/em.? 
Rate of expansion -f =| —0.88(3/2) X 10 = 13 dynes/cm.* 
Bubble pressure 3mkT /4er* m X 10~* dynes/em.? 





Surface tension appears to be an overwhelming effect except for 
known influence of the enclosed gas“ which represents a significant 
portion of the total work in film splitting. An average concentration 
of at least 10° molecules/cavity is necessary to get a gas pressure 
sufficiently large to exert an effect on the splitting. The cavity pres- 
sure is then about 5 X 10~* atm., which probably represents a lower 
limit. 
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On Relaxation Spectra in High Polymers 


B. ALBRECHT and A. M. FREUDENTHAL, Columbia University, 
New York, New York 


1. INTRODUCTION 


The interpretation in terms of polymer structure of the deforma- 
tional response of high polymers to applied forces requires a clear 
distinction between the effects related to change of density and those 
related to change of shape (distortion). While the assumption that 
volume change is perfectly elastic, and that, therefore, in the absence 
of non-mechanical phenomena the volume viscosity is zero, has 
governed the general approach to the study of visco-elastic materials, 
recent investigations have provided strong evidence for the presence 
of volume-viscosity in simple as well as in polymeric liquids.' It is 
reasonable to assume that a similar mechanism of compressional or 
dilatational dissipation exists in the polymeric solid. Therefore the 
simplest viscoelastic response under conditions of small strain prob- 
ably must be described by at least four physical constants (K, G, 7 
and 1) instead of the usual three (K, G, 7). Hence an effective 
experimental study of the mechanical behavior of high polymers 
requires the establishment of such conditions of the experiment that 
the effects of volume-change and distortion can be clearly distin- 
guished. Since the present understanding relating molecular struc- 
ture of solid or pseudo-solid high polymers to their viscoelastic be- 
havior is based entirely on mechanisms of deformation in shear, it 
appears desirable, at this stage of the study of polymers, to eliminate 
the volumetric component entirely and to perform the experiments in 
shear. 

The best way to produce such conditions in a mechanical test is by 
applying a torque to a hollow cylinder of ratio of wall-thickness to 
radius small enough to justify the assumption of uniform stress 
distribution over the wall thickness, but large enough to ensure de- 
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formation to fracture without local instability. By subjecting the 
specimen to a purely deviatoric state of stress, the direct propor- 
tionality for small strains of the torque twist diagram observed in 
the torsion test to the shear-stress/shear-strain relation for the volume 
element is ensured; this proportionality does not exist in other me- 
chanical tests. Moreover, because of the elimination of the dilata- 
tion as well as of the necking effect generally associated with the ten- 
sion test, the total strain that can be applied in a torsion test prior to 
fracture, though small, exceeds the strain which the same material 
can sustain in a tension test. 


2. PURPOSE AND PROGRAM OF INVESTIGATION 


The purpose of the investigation was to establish the deformational 
response to rapidly applied shear and the fracture strength of molded 
crosslinked phenolic polymers with different fillers, and to correlate 
the observed behavior with the assumed structure of the polymer and 
action of the filler. Since the filled molded resin has a structure con- 
sisting of filler particles or threads impregnated and bound together 
by the resinous matrix of spherocolloid embedded in a less highly 
polymerized substance and crosslinked probably by methylene bonds 
and Van der Waals’ forces, its deformation and strength will be 
strongly influenced by the nature (length and shape of particles) and 
quantity of filler present. Because of the characteristic behavior of 
the resinous matrix as a supercooled liquid, the mechanical response, 
including the strength, of phenolic polymers is significantly tempera- 
ture and strain-rate sensitive. 

Because of the complexity of the interaction between filler and resin 
and of its variation with temperature and strain-rate, it appeared 
necessary to carry out the investigation over the widest possible range 
of strain-rates and of temperatures. It was assumed that a 
spectrum of relaxation times of a shape that would probably not be 
unimodal would be required to formulate adequately the equations 
governing the mechanical response of such materials. The estab- 
lishment of the relaxation spectrum of the resinous matrix therefore 
appeared to be the principal purpose of the experimental investiga- 
tion. 

In experiments with polymers covering a relatively wide range of 
applied strain-rates, the physical ‘‘constants” show very significant 
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variations,’ the extent of which depends on the temperature level, on 
the configuration of the molecular structure, and on the extent of 
molecular motion under the applied stress. Deformation and 
strength under various strain rates reflect the facility with which, 
under the action of the load, the spatial relationship between polymer 
molecules can be altered by diffusion, by local changes of shape of 
molecular chain segments (stress biased micro-Brownian motion), 
and by displacements of segments of various length with respect to 
each other (stress biased macro-Brownian motion). 

The frequency of an applied vibratory force or the duration of an 
applied impulsive force determines the frequency of the molecular 
motion that can be excited. The apparent relaxation time, as well as 
the viscosity of the polymer as a whole, produced by a certain load are 
therefore functions of the duration and, to a certain extent, of the 
shape of the load impulse. Because of this interaction of applied 
force and molecular structure, the dynamic resistance of polymers 
depends on the existence of regions in which extensive local deforma- 
tion is not inhibited at high strain-rates. 

The mobility of molecules and molecular groups is usually defined 
in terms of their “retardation’’—or “‘relaxation’’—times rather than 
directly by their velocities of motion; the dynamic behavior of high 
polymers can therefore be related to a spectrum of relaxation or re- 
tardation times, which indicates the distribution, within the solid, of 
an inverse parameter of the mobility of molecules and molecular 
groups of various sizes and masses. Thus the dynamic performance 
of a high polymer—its toughness, shock resistance and strength, all 
of which depend on its capacity to dissipate, without cracking, energy 
applied at very high rates—will necessarily be related to the spectrum 
of relaxation times. This dependence can also be expressed by the 
change, with the rate of applied shear-strain, of the shear viscosity 
and shear modulus G of the substance. Only for a homogeneous and 
isotropic monomer could both parameters remain constant over a 
wide range of conditions. 

Because of the variation of parameters with testing conditions due 
to the expected wide spectrum of relaxation times, it is reasonable to 
assume that a specific testing condition can only provide the response 
within the range of this condition. Hence stress-relaxation tests will 
provide information on relaxation times within their time scale, 
limited on one side by the time required to induce the initial stress 
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and on the other by the period of observation; resonant vibration 
tests, on the other hand, will reflect the viscoelastic response within 
a narrow range limited by the change of frequency that is practically 
possible. Thus the results obtained from such tests alone do not per- 
mit the establishment of mere than relatively narrow portions of the 
relaxation spectrum. It appears, therefore, that only by a combina- 
tion of experiments in which the applied strain or stress rates can be 
varied between a maximum that still permits a reliable observation of 
the strain as the upper limit and zero strain rates as the lower limit 
(relaxation test) can the full spectrum be established. 

In order to study the various aspects of the problem, it was decided 
to select three phenolics of widely different “impact resistance,’’ as 
established by conventional impact (Izod) tests, differing by their 
filler content and character. However, the brittleness of the cotton- 
flock filled phenolic selected as the first type made strain readings at 
high velocities unreliable, and the investigation had to be limited to 
two materials: one a fabric-filled phenolic classified as of intermediate 
shock resistance (designated as FM-1132) and one a cord-filled phe- 
nolic classified as of high shock resistance (designated as Fiberite FM- 
11678). 

The reported data refer to the fabric-filled phenolic; they indicate 
that its response up to stress levels rather close to the fracture stress 
is fairly linear and can therefore be represented with the aid of a 
spectrum of relaxation times. 


3. SPECIMENS AND INSTRUMENTATION 


A special testing machine for the rapid application of a torque 7'(¢) 
to a tubular specimen has been designed. The machine is capable 
of delivering a torque sequence closely approximated by the function 


T(t) = T.(1 — e~™ cos wt) (1) 


where the amplitude 7 can be varied and the peak can be reached in 
a few milliseconds. The exponent n depends on the material tested 
and its value is close ton = 0.1; the frequency w can be determined 
from the record of the actual tests. A family of torque sequences for 
different values of n is shown in Figure 1. 

The machine is also able to apply to the specimen a nearly uniform 
rate of deformation through the preload mechanism at rates of the 
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Figure 2. 


order of magnitude of the so-called “‘static’”’ tests. The order of 
magnitude of the strain rates applied to the phenolics can thus be 
varied between 1-4 in./in./sec. for high-speed and 10~*-10~* in./in./ 
sec. for low-speed tests. 

The specimen can be enclosed in an insulated box within which the 
temperature can be controlled within +2°F. Tests were performed 
at three temperature levels, —70, +72, and +200°F., which delimit 


the temperature range of most applications of high polymers. 


(a) Specimens 


Tubular specimens of 2 in. o.d. and 7 in. overall length with fluted 
flanges were designed and molded. Figure 2 shows the specimen 
shape. A relatively short and stiff specimen had to be selected so as 
to keep the period of vibration in the lowest mode of the specimen 
short in relation to the shortest expected period of torque application. 
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An approximate analysis of the elastic stability of the specimen follow- 
ing the procedure developed by Donnell* has shown the critical 
(buckling) stress for an elastic specimen of '/s in. wall thickness to be 
roughly ¢, = 0.1G. This value is considerably higher than the ex- 
pected fracture stress in shear which, even for the most resistant hard 
phenolics, does not exceed a value of roughly ¢» = 0.02 G. 


(b) The Torque Testing Apparatus 

The capacity of the testing machine designed was determined on 
the assumption of a maximum fracture stress in shear of 0.02 G in a 
specimen of '/, in. wall-thickness and rp = 1.0 in. outer radius, assum- 
ing the elastic value of G to be of the order of 4 X 10 p.s.i. The 
machine was designed for a maximum working torque of 500 ft.lb. 
to be applied within a period of between 2 and 10 mi'lisec., producing 
a maximum twist of an order of magnitude of 0.02 radians/in. of 
specimen length, which is equivalent to a shear strain of an order of 
magnitude y = 0.02, or roughly 4.5° over the measuring length of 
4in. The total twist angle on the machine constructed is limited to 
0.2 radians. 

The design of the machine was based on the use of compressed air 
for energy storage and transfer, which has the advantage that even 
when considerable forces have to be applied, the moving masses are 
very light. The design developed is shown in Figure 3. 

A piston moving within a cylinder is connected by a rod and link 
to a lever which, in turn, is fastened to one end of the specimen. A 
small tank of approximately half a gallon is filled with compressed air 
under pressures up to 300 p.s.i. and is connected to the cylinder 
through a small valve held in closed position by an armature attracted 
by an electromagnet. As long as this magnet is energized, the valve 
remains closed, and the pressure in the tank can be adjusted to the 
desired value. When the electrical current of the magnet is cut, the 
valve is released and high pressure air admitted into the cylinder, 
pushing the piston down and thus applying the torque to the speci- 
men. 

The torque to be applied can be predetermined directly by meas- 
uring the pressure of the air and can be adjusted by changing the air 
pressure. In order to measure the torque actually applied to the 
specimen unaffected by piston friction and air leakage, the “‘fixed’”’ 
end of the specimen is connected to a ‘“weighbar’’ in the shape of a 
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(b) 
Figure 3. 
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steel cylinder, the twist of which is recorded by two pairs of crossed 
strain gages mounted on it. The output of these strain gages is am- 
plified and applied to the deflecting plate of a CRT-oscilloscope and 
recorded in the usual way. The weighbar is made stiff enough to per- 
mit only a negligibly small angular motion of the specimen. 


4. THEORY OF MECHANICAL RESPONSE OF HIGH 
POLYMERS 


A real polymey possesses many elastic and dissipative mechanisms; 
by coupling ». sufficient number of Maxwell elements in parallel, a 
good approximation of its behavior within the linear range can be ob- 
tained. 

To visualize the response in shear of a complex linear viscoelastic 
body, it is expedient to replace the elastic mechanism of the ith of n 
elements by a spring with spring constant G,, and the corresponding 
dissipative mechanism by a dashpot with coefficient of viscosity 7, 
(Fig. 4), and to plot the values of G, against the values of the relaxa- 
tion time r, on the axis of r, obtaining a discrete spectrum of relaxa- 
tion times (Fig. 5a). Increasing the number of coupled Maxwell 
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bodies to infinity, the discrete spectrum of relaxation times is trans- 
formed into a continuous distribution of relaxation times‘ F(r) (Fig. 
5b) where dG/dr = F(r) is the density of shear modulus along the r 
axis, and f,° (dG/dr)dr = Gy is the shear modulus of all elements 
added together. These spectra usually cover several orders of mag- 
nitude of r and therefore it is expedient to plot them against In r or 
logio T. 

Since the shear modulus G(r) is equal to the area between 7 and 
© under the function F(r), the following relations hold in the interval 

< < 


TM > T SD To? 
Go = Sor F(r)dr = Sz F(x)dr = Sint F(r)rd nr 
Sin 3° Fi(in r)d In r = 2.303 Sink 7° F (2.303 logs r)d logio r 
= Sinks 7 Fs(logio r)d logio r 


provided F(r) does not exist outside of this interval. Gp» therefore 
represents the instantaneous shear modulus, the true value of which 
can be obtained only if the duration of the test is much shorter than 
the shortest relaxation time in the material. 

In the case of a rectangular distribution F.(logi 7) = bo, which is 
the simplest possible assumption,’ the corresponding distribution is 


bo 1 


P(r) = 5303 


I. Discrete Spectra of Relaxation Times 
The equations of the model shown in Figure 4a are 


dy(t) 1 [ds,(t) 1 = re 

oy = G, |=“ + me si | and 2 a(t) = a(t) (1) 
with the initial conditions y(0) = 0 and s,(0) = 0. Using the Lap- 
lace transform and substituting the initial conditions, eqs. (1) become 


l 1 2 

PI(p) = & (p + *) Sip) and xu Si(p) = S(p) (2) 
t t c= 

where the capitals [, S, and S denote the transforms of y, s, and s. 

The resulting system of (n + 1) simultaneous equations is solved for 

I'(p): 











102 B. ALBRECHT AND A. M. FREUDENTHAL 
































[xn tr 
$, Se sj Sn 
G, Ge Gi Gn 
% % n in 
Figure 4. 
¢ F(r) 
— i aed 
' Ge Gj Gr | Siemens 
al te ™ Tet 
° ™ tj tn + O t 
(a) (b) 
Figure 5. 


steel cylinder, the twist of which is recorded by two pairs of crossed 
strain gages mounted on it. The output of these strain gages is am- 
plified and applied to the deflecting plate of a CRT-oscilloscope and 
recorded in the usual way. The weighbar is made stiff enough to per- 
mit only a negligibly small angular motion of the specimen. 


4. THEORY OF MECHANICAL RESPONSE OF HIGH 
POLYMERS 


A real polymey possesses many elastic and dissipative mechanisms; 
by coupling 2 sufficient number of Maxwell elements in parallel, a 
good approximation of its behavior within the linear range can be ob- 
tained. 

To visualize the response in shear of a complex linear viscoelastic 
body, it is expedient to replace the elastic mechanism of the ith of n 
elements by a spring with spring constant G,, and the corresponding 
dissipative mechanism by a dashpot with coefficient of viscosity 7, 
(Fig. 4), and to plot the values of G, against the values of the relaxa- 
tion time r, on the axis of r, obtaining a discrete spectrum of relaxa- 
tion times (Fig. 5a). Increasing the number of coupled Maxwell 
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bodies to infinity, the discrete spectrum of relaxation times is trans- 
formed into a continuous distribution of relaxation times‘ F(r) (Fig. 
5b) where dG/dr = F(r) is the density of shear modulus along the r 
axis, and f,° (dG/dr)dr = Gp is the shear modulus of all elements 
added together. These spectra usually cover several orders of mag- 
nitude of r and therefore it is expedient to plot them against In r or 
logio T. 

Since the shear modulus G(r) is equal to the area between + and 
© under the function F(r), the following relations hold in the interval 
m1 Sr 12: 


So Finder = S[2F(r)dr = fio F(r)rdint 
in? F,(in r)d In r = 2.303 fice" ” F,(2.303 logw r)d log + 


2 
ll 


logio r2 


sad logio 71 F,(logi r)d logio T 


provided F(r) does not exist outside of this interval. G, therefore 
represents the instantaneous shear modulus, the true value of which 
can be obtained only if the duration of the test is much shorter than 
the shortest relaxation time in the material. 

In the case of a rectangular distribution F.(logi. 7) = bo, which is 
the simplest possible assumption,’ the corresponding distribution is 


a 9 
P(r) = 5303 7 


I. Discrete Spectra of Relaxation Times 
The equations of the model shown in Figure 4a are 


dy) _ 1 fds() 1 > a(t) = 
ala tO] md Eaoa wD 


i=1 
with the initial conditions y(0) = 0 and s,(0) = 0. Using the Lap- 
lace transform and substituting the initial conditions, eqs. (1) become 


1 1 2 , 

pl(p) = G. (» + ~) Sip) and 2X Si(p) = S(p) (2) 
i 1 C= 

where the capitals [, S, and S denote the transforms of y, s, and s. 

The resulting system of (n + 1) simultaneous equations is solved for 

I'(p): 
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l S 
lp) = — 2) 


(3) 


~ G,; Pp 


*(6+5) 


where S(p) is the transform of any applied stress sequence. Alter- 
natively, solving for S(p): 


n i 
S(p) = u pl (p)G, -——— (4) 


(> +) 


where I'(p) is the transform of any applied strain sequence. The 
forms of eqs. (3) and (4) indicate that the inverse transforms of the 
first type become cumbersome when the number of Maxwell elements 
is large. 

Two stress sequences are of interest: 


a(t) = ao(1 — e~™ cos wh) (5) 


and 


s(t) = q + — t (5a) 
To 
the first closely approximating the torque sequence produced by the 
testing machine, the second reproducing conditions of uniform rate of 
loading, including creep. 
For a three-Maxwell-element model, eq. (3) has the form 
] l I 
Mp) =F sins? Tae rane oe 
‘ je=— (-e+ Va? — w) 
27 
l 1 . 
+-- ae -~B+-—-C | S(p) (6) 
To "ae 
|» - : (-a — Var = &) | P 
2ro 


where 


3 
% = ko, Gi = G/G, G = ¥. G, 


j=1 
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-a(bedeo(iedeo(eey 
ahi ke ks “ ky k " ky ke 


1 1 1 
i «= | 
o koks + 9 kiks + 9 kike 
_ at ‘ 1 
ah ky ke ky 
ee 
Keke” Keakes | Weak 
a 
© bible 
and 


_ [a — 2%) — aVa? — 4] (-a + Vat — 4b) 








A : 
2[(a? — 4b) — aVa? — 4b] 
4 (ma + Vat — 4b) | d rae __ 2 
2V a? — 4b Va? — 4b (a? — 4b) — aV a? — 4b 
» - Ket = 2) + Ve = Bi (-0 ~ Ve ® 
2[(a? — 4b) + aVa? — 4b] 
_ e(—a'— Va? — 4b) . 2e 
2V a? — 4b Va? — 4b (a? — 4b) ++ a Va? — 4b 
C = e/b 


Using the convolution theorem, the inverted transform is 


t so ——— 
y() = 2 {s(0 + -4 A f a(A) exp { ma be Va = (t— ryban 
G To 0 270 


olla: ee a. 
++B f a(A) exp > Py i »} dd 
To 0 2ro 








1 , ) 
+ ra cf s(A)dre (7) 
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For the stress sequence s(t) = 8(1 — e~™” cos wt), the solution is 


)=~ [1 - —" 
WO) = 54 (— a+ Va? — 4b) 
2 


n 
— ———_-..— g - C 
(—a — Va? — 4b) (1 + n*)wro | 


aE Wat — 
(nor 4 —e + . > 
oF = — 
win Ve. “yen 
wr 3 (nore + =a us — wy 
( —a— “e ~ * 
nwre + - 
+ = a 


a —a — -Var= . ay" 
w*ro + | nwro + 


C— 1] e-™ cos 
+ Gq + n wry e cos wl 











WTo 
+} — ——____**__, A 
Vat — 4b 
ot + (nore + -a+ = wy 
WTo 
> ——————. B 
a ( —a — Va? — 4 i 
w*r + NWT + > 
1 


— ~——— € | e-™ sin wt 
(l + n®)wre e sl w 
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—~a+ Va? — 4b 
gs 2 safe _ (nor + ‘ ae —_ ) 
(—a + Va? — 4b) ey 


™ Va? — 4 
x Aexp 4 Ee ad. toad z 





\ 27 
—~a — Va? — & 
2 (nore + —— 9) 
Fee aA (oe ee 
w*r* + een tren i 
—- Vat — & 
x B exp — ——* = = i +C (/r)} (8) 
2ro 


The stress sequence s(¢) = ¢ + (8/r0)t leads to the solution 


able) - ame 


(—a + Va? — 4b) 
frat Va? — 4 ) - indy thats 
rae (1 ae ‘ i (-—a — Va? — 4b) 
bsage w al 
x B (1 _ exp } = — t)] 
e. ae. eee 
bic: (2 ~ (-a+ Va? = 4b)°  (-a — Va? — 4b) (£) 
1 t\? 2 2 
-~Ci—} — ———— 
* 2 (‘) iE Jana) 


= Va? — 4b 
XA (1 — exp js * i.) 
To 


(Garay a (EF N} 
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Equation (4), solved for y(t) = ‘yo, gives 
s(t) -_ Grolg: e t/ha + ge kero + 9s e~* a (10) 
(50/0) t, 
s(t) = Gdofkig.(l — e~/™™) 
+ kage — e”"™) + kegs (1 — e“”*™)} (11) 


while for y(é) 


II. Continuous Spectra of Relaxation Times 


A polymer characterized by a distribution function F(r) = dG/dr 
along the r axis can be represented by the equation of a Maxwell 
“element”’ associated with any increment along the r axis: 


dy(t) 1 (d%s(r,2) 1 ds(r, t) , ) 
2 “ee dr$ 
dt dG = re Sa 
dr 
dr 
and 
” 2s(r,!) 
i) = a 
s (t) f se dt (12) 


where [0s(r, ¢)/Or |dr is the contribution of the “element” with relaxa- 
tion time r to the shear stress s(t). 

Taking as initial conditions y(0) = 0 and [0s(r, 0)/Orjdr = 0, the 
Laplace transform of eq. (12) is 


a 1\ OS(r,p) 
pT(p) = aa | (> + *) >, dr (13) 
— T 


dr 


and 
— [ Slr) 
S(p) = f ir dr 
Solving eqs. (13) for [OS(r, p)/Or |dr and integrating 


g 1 dG “ os 
f pl'(p) ———. = dr = f wp) dr = S(p) (14) 


0 ( “) ** 
e+ - 
T 
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considering that I'(p) is not a function of r, then 


r(p) = =—— id (15) 


f l dG P 
dr 
0 L\ dr 
T 


Solutions (14) and (15) can be developed further when the distribu- 
tion of relaxation times is specified. 

Assuming the simplest possible (rectangular) distribution of relaxa- 
tion times (Fig. 6), then 


dG bo 1 b 
— nan PP = = < < 
dr -Geec,. Pers 
1G 
: = F(r) = 0 1 >7,T> 
dr 

with the integral 


cy 1 d TT 1 ] 

i Car=of my 

s t) a n pr+1 p pit 
pt 





1 1 
Th. 17) 
I'(p) 7 pati? S(p) ( 
P Pri +1 
The transform 
H = —— 
(p) oak 
ah —— 
PT + 1 


is not a standard form and its inverse transform A(t) has to be evalu- 
ated by integration in the complex plane; the inversion is shown in 
the Appendix. The result is: 
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t tT. rt l/r et 
h®) = + ootn _f : dp 
f — 2(r2 = 71) l/re j Top — he ae 
4} In + x? p 
\ 1 — rip f 


(18) 


With +r, = kyro and rz = kero and change of the variable of integration 
to top = 86, this expression becomes 


ke k 1 t 1/ki , — O(t/ ro) 
h(t) = A (*)-f : do 
2(ke —_ k,) ke —= ky To 1/ke it ko = | + it 
Ji lr 2 
a"i-mi’ FP 
(19) 


Substitution of eq. (19) into eq. (17) gives 
1 a0} ] ke + ky l (*) 
r = £ s(0 £ " 
(?) iL 1 ast ih —-h) * kh We 


1/ki eat ‘re) 
ae eg E ko =) es hg 6 (20) 
‘ ceo ees 


and by inversion 





(t) = s(0) hat hi wa 3 (£) 
ee 6 Ae oe 2 
pie —6(t/ ro) 
dm Fe 
(21) 
1 f'ds(r) | ke + k; 1 <2 
tide Da hk) * h-hh ( n ) 
£ e ~et—d/r0 
~ is ho 2 ——— 


/ka in co — | 4 it P 
1 — k6 . 
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log r, logrg logr 
Figure 6. 

Inserting the stress sequence s(¢) = s(1 — e~"“ cos wt) into eq. (21) 
yields: 

8o ke + ky 
y(t) = — 1 — e~™ cos wl) 

b ~ | 2(k» — ki) He 

l Sf 1 ) 
+ ( ) - [n(1 — e~™ cos wt) + e~"™™ sin wt] 

ke — ky | To (1 + n*)wro f 


1/ki I + 
+ e~™ cos wi f 
y 


=> 
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For the stress sequence s(t) q + (80/70)t, the solution obtained is: 


q 


WW) =) ke + ky + 1 (+) 
2(ke —_ ky) (ke ky) To 


ee —0(t/ 70) 
_ -———-- — do 
1/ke J k6 — Al 1 
. 2s 4 
‘ce hel * *y 


80 


+l pth 0) tol’ 
2(ke — ky) To 2(ke — ki) \ro 


= 1 i. e~ Ot/r0) 
- ne dé 
1 ko — 1 (23) 


/ kes 2 : 
eS. 2 2 
{{n - = | ve t . 


Substituting dG/dr = b/r into eq. (14) and noting the limits of 
the distribution: 


7 b l 
S(p) = f Pw a ee (24) 
eae)" 
T 
with the strain sequence y(i) = yo, eq. (24) becomes 


karo 1 1 
S(p) = 0b nay wae hoo (25) 


hiro T 1 
(p+) 
T 


Inversion and integration yields the solution 


s(t) = yb {| -z.(- <)| me | -# (- in) It 


—X 
where —E(-2z) = f “= (26) 


With the strain sequence y(t) = (40/ro)t, eq. (24) becomes 
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hero 
S(p) = * : dr (27) 


To kiro T l 
P\p + 
T 


which after inversion and integration yields 


s(t) = bb, }ha(1 “ e~t/hsre) - bl — en" hire) 


~()L- #(> mall - L-™(- UE 


5. DISCUSSION OF THEORETICAL RESULTS 


The evaluation and interpretation of experimental data in terms of 
a continuous distribution of relaxation times of the polymer investi- 
gated is based on the comparison of the experimental stress-strain 
curves with a set of theoretical curves obtained by numerical evalua- 
tion of the expressions (24) and (25). The amount of numerical work 
involved in covering a large variety of conditions would be prohibitive 
and a simpler substitute method has been used for this evaluation. 

The most expedient approach appears to be to replace the continu- 
ous distribution by an equivalent discrete spectrum, replacing a cer- 
tain area under the function F(r), or F:(logw 7), by individual con- 
stants proportional to the area replaced. Care must, however, be 
exercised in the selection of discrete relaxation times as by spacing the 
elements too far from each other along the 7 axis of the spectrum the 
discrete spectrum may no longer approximate the continuous one. 
A comparison of relaxation curves that can be evaluated quite readily 
for both types of models exhibits clearly the degree of approximation 
achieved by this replacement. 

Figure 7 shows the relaxation curves of models with uniform dis- 
tributions of relaxation times covering two and four orders of magni- 
tude of r, and the relaxation curves of the replacing models with two 
and three elements. It is obvious from the diagrams that the two 
element model offers a good approximation of the two decade distri- 
bution, but is not adequate to replace the four decade distribution. 
The degree of approximation is improved by considering a three 
element model. 
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Fig. 7. Relaxation curves for continuous and discrete distributions. 
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Fig. 8. Stress-strain relations for applied stress S = S)(1 — e~*-! cos wf). 


Figure 8 shows the response of the two decade distribution and of 
the two-Maxwell-element model to the stress sequence s = 8 (1 — 


— 0. let 


e cos wt) for two sets of conditions: wr» 


= 1 and wr = 10. 


The curves of the two element model can be considered, for all prac- 
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Fig. 9. Stress-strain relations for applied stress S = S)(1 — e~%'!™ cos wt). 


tical purposes, as a good approximation of those of the two decade 
distribution. Figure 9 shows the difference between the two and 
three element models replacing the four decade uniform distribution 
of relaxation times under the above stress sequence. 

Prior to the actual evaluation of the test results, it was hoped that 
the use of a rectangular spectrum of relatively limited extent or the 
equivalent three-Maxwell-element model would produce a reasonable 
approximation of the test results. This hope was based on the fact 
that (trapezoidal and rectangular) spectra of limited range have been 
used rather successfully in the interpretation of relaxation tests.® 

It seems obvious, however, that good agreement between the theo- 
retical and experimental relaxation curves can be expected only if the 
spectrum of relaxation times more or less coincides with the time 
range of the relaxation test. It was therefore assumed that since fair 
agreement was reported for various polymers, their relaxation spectra 
would necessarily be of rather limited extent, with minor contribu- 
tions outside the usual range of relaxation tests. This assumption is 
implied in the commonly accepted procedure of deriving the complex 
dynamic shear modvs G(w) = G’(w) + iG”(w) as a function of the 
angular frequency of vibration w from a distribution function of relax- 
ation times F(r) or F(logi 7) obtained from the interpretation of a re- 
laxation test. While the form of the respective equations 











116 B. ALBRECHT AND A. M. FREUDENTHAL 


+ wr? 
G’ (w) = f- 1+ wr? F (logio r)d logio T 


and 


Po. ae 
?"(w) = f ito F (log 7)d logis r (29) 


implies integration over the complete range of 7, the actual integra- 
tion is usually performed over the range of an incomplete function 
F (loge 7) in which all contributions shorter than the time required to 
apply the initial strain in the relaxation test are automatically lost. 
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Figure 10. 


As the period of one cycle (1/w) is usually much shorter than this 
time, eqs. (29) can, in general, not be used unless the complete func- 
tion F(logir) is known. 

This is illustrated in Figure 10 in which an observed relaxation dia- 
gram has been used to establish a three-element approximation of F(r). 
Using the same model to predict the stress-strain diagram in a dy- 
namic test, the discrepancy between the theoretical and experimental 
diagram is demonstrated (Fig. 11). Thus, the existence of a very 
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wide and probably nonuniform spectrum of relaxation times had to be 
assumed as a basis for the evaluation of the test results. 


6. TESTS AND EVALUATION OF EXPERIMENTAL RESULTS 


A relatively large number of specimens of the fabric-filled phenolic 
designated as FM-1132 (average tensile strength 6000 p.s.i., average 
impact value of '/,” specimens 1.5) was tested both under dynamic 
conditions with strain rates of 2 to 3 in./in./sec. and under slow uni- 
form loading with strain rates of the order of 10~ in./in./sec. at each 
of the three temperature levels of —70, +72, and +200°F. A stress- 
strain diagram was constructed from the oscilloscope records for each 
test. 

The test results showed a certain amount of scatter; this must be 
expected because of unavoidable differences in the molding process of 
individual specimens. Therefore a few specimens representing well 
the average trend of the results were selected for the actual evaluation 
of the relaxation spectrum of this polymer. Samples of the experi- 
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mentally established stress-strain diagrams for different tempera- 
tures and strain rates are shown in Figures 12 through 17. 

The construction of the spectrum of relaxation times is an extremely 
cumbersome procedure of trial and error and consists of building up 
models, composed of a few elements, whose responses to a set of con- 
ditions identical with the conditions of the test closely approximate 
the test results. In this way the number of elements momentarily 
involved can be kept low, since the elements with relaxation times 
three or four orders of magnitude shorter than the duration of the 
test considered can be safely neglected, and the elements with relaxa- 
tion times longer by about the same amount can be replaced by one 
elastic element. Models constructed in this way covered more than 
eight decades of the relaxation spectrum and, since the difference be- 
tween the strain rates employed was about six orders of magnitude, 
overlapping of these models and, consequently, the continuity of the 
spectrum were insured. Combining the parts of the spectrum built 
up from models derived from the test data at +72 and +200°F., it 
was deduced that in first approximation this temperature difference 
is equivalent, on the logarithmic scale, to a shift of the spectrum’ of 
8 decades. Assuming that the viscosity dependence on the tempera- 
ture in this range is governed by the relation 

n = nphs/R? 
where E, is the activation energy, R the gas constant, and 7' the tem- 
perature in °K., and since r = /G, we can write 


Ine =in™ + 287 


Denoting the value of the relaxation time at room temperature 7’) 
(+72°F.) as ro, and at temperature 7, as 7), the following relation 


holds 
in 2 = Ee ( ie 2) 
To R T; To 


Substituting for 7,/ro = 108, R = 1.986 cal./°K./mole, 7, = 295°K. 
(+72°F.), and T, = 366°K. (+200°F.), the value of the activation 
energy was computed as E, = 55.6 kg.cal./mole. 

Denoting the value of the relaxation time at the temperature T; = 
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Figure 13. 
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216°K. (—70°F.) as ro and using the computed value for the energy 
of activation, the ratio 7/7, = 8.33 < 10-"* was evaluated and the 
part of the spectrum for — 70°F. located. 

The assumption of a constant activation energy EL, over the entire 
range of 7' or of + is obviously onlyJan ‘approximation, necessary at 
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Fig. 18. Models used for analysis of test results. 


this time because of the lack of reliable information concerning E,(7’) 
or E,(r). Asa result of increasing molecular weight of the elements 
presumably associated with increasing relaxation times, the value of 
E, per mole might be expected to increase with increasing r. On the 
other hand, this tendency could be reversed over the range of small 
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7, when the interaction between elements associated with very small 
values of + might change in character. 

The individual models used in the interpretation of the tests are 
shown in Figure 18, and the spectrum of relaxation times derived in 
this fashion is presented in Figure 19. It was impossible to determine 
the actual form of the spectrum for extremely long relaxation times 
by the foregoing procedures; this part of the spectrum is therefore 
shown by a dotted line. It reflects the existence of elements with 
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very long relaxation times which are necessary for building up the ob- 
served shear modulus G, as well as the assumption that the number of 
elements continues to decrease with increasing relaxation times, but 
it can not reliably show the exact distribution of these elements. In 
order to establish this part of the distribution more accurately, relaxa- 
tion tests of extremely long duration would have to be performed. 
Figure 20 shows the location of the test ranges for both the static 
and dynamic tests with respect to the constructed spectrum of relaxa- 
tion times for the three temperature levels. The magnitudes of the 
shifts due to the temperature changes are shown, as well as the shifts 
due to the change of time scales between the static and the dynamic 
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Figure 20. 


tests. The selected units of relaxation times: rt,» = 1 min. for the 
static tests, and ro, = 1 millisec. for the dynamic tests, were chosen 
to be of the same order of magnitude as the time scales of the tests. 

Figure 21 shows the theoretical curves derived from the con- 
structed spectrum for the various loading conditions used in the actual 
tests, with the experimental points superimposed on the respective 
curves. The agreement between the experimental and the theoretical 
results appears to be quite satisfactory. The slight discrepancies 
occurring at the very high stress levels suggest that in this region the 
assumption of linear viscoelasticity for the constitutive phases of 
this polymer may no longer be valid. Finally, in Figure 22 a relaxa- 
tion curve is derived from the spectrum constructed in Figure 19 by 
first analyzing the straining to the predetermined “‘initial’”’ strain 
(Fig. 22a) and subsequently establishing the stress-relaxation at this 
strain (Fig. 22b). The comparison of this curve with the results of 
relaxation tests performed under the same conditions shows satisfac- 
tory agreement. (It should be noted that while the fit shown in 
Figure 22b is not significantly better than that shown in Figure 10, 
the dynamic stress-strain diagram cannot be reproduced by the rec- 
tangular spectrum.) 

Considering the relaxation spectrum derived for the material in- 
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Figure 21. 


vestigated, which is a commercially produced filled phenolic and thus 
representative of a relatively large group of materials, it is immedi- 
ately obvious that no simple correlation of the results of mechanical 
tests at various speeds and temperatures can be expected. The so- 
called “equations of state’’ disregarding the extremely wide and, at 
best, bimodal distribution of relaxation times can, for such materi- 
als, be used only to correlate tests of similar time scale at constant 
temperatures, thus losing much of their value. The idealization of 
real viscoelastic materials by the Maxwell body or even by a two-Max- 
well-element model can reproduce the behavior only within the same 
narrow time scale for which the model parameters have been deter- 
mined. 

It is interesting to note that the first relatively sharp mode of the 
spectrum appears to be in the range of the velocity of motion of very 
light particles of atomic or monomolecular size, while the second, 
much less sharp, mode is in the range of motion of long molecular 
chain segments. The shape of this part of the spectrum is probably 
an indication of the character and the extent of the polymerization 
process. 
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APPENDIX 
The inverse Laplace transform of the function 


l 


H(p) = —= 
\P p(n (pre + 1) — In (pr, + 1)] 


(30) 


is defined as 


¥+Bi er 
hi) = ii J : Ip (30: 
o Fe 2ri Jy-8 pilin (pre + 1) — In (pr; + 1)) > 


where p is a complex variable. 
The function 


t 
e” 


a : a 5Ov) 
[In (pre + 1) — In (pr, + 1)] ss 


{(p) = 


has a pole of the second order at p = 0 and branch points at p = 
—1/rz and —1/7;._ Making branch cuts along the negative axis of 
reals from —'/rz to — ©, we can choose a line integral as shown in 
Figure 23. 

With the path and direction of integration as shown in Figure 23, 


we can write 
G Swap * G Swap 
but (30c) 


F .,Hpdap = 2nid; 


where b, is the residue of the function f(p) at the point p = 0. Evalu- 
ation gives 


t Te + 1 
so ee ee ; 30d 
$ Jovan ” i = ar SI _ 


The line integral along the curve C; will be broken into a number of 
line integrals, each evaluated separately. It can be shown that 
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when the radius F is increased indefinitely. The integral along the 
path C—D is 


D I/n+r e"# 
~ae ——— dp (306e) 
I S(p)dp J, (ings — 1) —In(rp— Do ' 


and for the path D’-C’ 
i (1/n)+r en a 
i al ae f ? 
peed R (In(rxp — 1) — In (r1p — 1) ]p (30f) 


The two integrals are identical but of opposite sign and therefore can- 
cel each other. 


Furthermore, it can be shown that 








E D’ F’ 
lim { fcp)dp = tim f fip)dp = tim [ f(p)dp = 0 (80e) 
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For the path /—F, the integral is 


F l/re ,— pl 
lim f {(p)d -{ é ite iad ELI - 
ode ifn [In(t29 — 1) + iw — In(1 — a (30h) 


and similarly for the path F’—Z’ : 


EB’ I/r ene 
lim Sip)dp = f : j 30; 
r—-0 J PF’ p)ay ijn [In(r29 — 1) — iw — In (1 =a (301) 


Assembling all integrals as R approaches infinity and r approaches 
zero, the result is 


¥+Bi l/r e 
im f S(p)dp + ani f iP dp 
B—-0 y~— Bi l/re | in T2p | + = 


) i l — np j ? 
. j t Te + Ti ' orn 
— 2 
<7 lr, - % + (12 = { (30)) 
Rearranging the terms, 
1 y¥+Bi oe” 
A(t) = li l 
O Moa 2nt Sh p(in (pre + 1) — In (pr, + 1)) “? 
t l/r — pt 
as cya + a -{ an. dp (30k) 
7 Te 2(r2 => T1) 1/re {| Tp — di : 
In -| + rt p 
' l = Te 
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Synopsis 

The spectrum of relaxation times has been constructed for a fabric-filled pheno- 
lic of commercial type by combining the results of torsion tests on cylindrical 
specimens over a relatively wide range of strain rates and temperatures. The 
resulting spectrum is not unimodal and extends over almost sixty orders of mag- 
nitude; thus the mechanical response of high polymers at a certain combination 
of strain rate and temperature can be determined only by tests at this same com- 
bination. Prediction of such performance requires a knowledge of the spectrum 
over its entire range. 
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Approximate Equations for Interconverting the 
Various Mechanical Properties of Linear 
Viscoelastic Materials* 


THOR L. SMITH, Jet Propulsion Laboratory, California Institute of 
Technology, Pasadena, California 


INTRODUCTION 


The mathematical theory of linear viscoelasticity has been de- 
veloped rather compiletely.'~* Gross, who has made important con- 
tributions to this theory, has presented the exact equations for inter- 
converting the various time-dependent mechanical properties.*~* 
However, many of these exact equations are difficult and tedious to 
use, since suitable analytical expressions which fit experimental data 
over an extended time-scale are not available, and so graphical or 
numerical methods are often required. Consequently, instead of the 
exact equations, various approximate relations have frequently been 
used for interconverting different time-dependent mechanical quan- 
tities and for calculating derived quantities such as the relaxation and 
retardation spectra. 

There are several reasons why it is desirable to be able to intercon- 
vert the various experimental and derived time-dependent quantities: 
(1) Several experimental techniques are often used to cover the time- 
scale of interest, and it is then often necessary to convert the different 
experimental quantities into a single form. (2) Although in principle 
any time-dependent property, when known over the complete time- 
scale, gives a complete picture of the viscoelastic properties of a ma- 
terial, different methods of representing these properties emphasize 
different aspects of the overall behavior. So, to study these differ- 


* This paper presents one phase of research carried out at the Jet Propulsion 
Laboratory, California Institute of Technology, under Contract No. DA-04-495- 
Ord 18, sponsored by the Department of the Army Ordnance Corps. 
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ent aspects, it is necessary to derive from available data various re- 
lated quantities. (3) For the solution of applied problems, different 
viscoelastic quantities are needed. For example, stress-strain be- 
havior under a constant strain rate is closely related to the stress- 
relaxation modulus, but stress-strain behavior under a constant load- 
ing rate is closely related to the creep compliance. Also, the heat 
build-up in a material subjected to sinusoidal deformation is propor- 
tional to the loss modulus G” when the amplitude of the strain is con- 
stant but is proportional to the loss compliance J” when the 
amplitude of the stress is constant. 

In this paper, some approximate methods for interconverting dif- 
ferent viscoelastic properties are described. Included are approxi- 
mate equations for interconverting the relaxation and retardation 
spectra, and thus for interconverting the quantities directly related 
to these spectra. The equations have been tested by interconverting 
published data on the NBS polyisobutylene. 


EQUATIONS BASED ON GENERALIZED MAXWELL 
MODEL 


When strain as a function of time is controlled by the experimental 
method, the observed viscoelastic response can be represented con- 
veniently by the continuous Maxwell model which consists of an in- 
finite number of Maxwell elements and an isolated spring, all con- 
nected in parallel. This model is completely characterized by the 
relaxation spectrum H and the equilibrium modulus G,, which is 
represented by the isolated spring.* For uncrosslinked polymers, 
such as polyisobutylene, the equilibrium modulus can be set equal 
to zero. The stress-relaxation modulus G(t), the storage modulus 
G’(w), the loss modulus G’(w) and the stress-strain curve at a con- 
stant strain rate R (« = Rt, where R is a constant) are given exactly 
in terms of H by the following equations: 


Git) = G, +f H(r)e~“d In + (1) 


* The symbols proposed by the Committee on Nomenclature of the Society of 
Rheology* are used in this paper. The symbols for primary quantities measured 
in shear are used, although the equations are equally applicable to quantities 
measured in bulk or longitudinal deformation. 





LINEAR VISCOELASTIC MATERIALS 133 


| 
#(w) = G, + (vee aia (2) 
—o 1] + wr? 
1" (w) -f A(r)er ain» (3) 
-o 1 + wr’ 
o(e-) =~ Get+R f tH(r)(1 — e VR In + (4) 


Differentiating eq. (4) with respect to strain ¢« and substituting eq. 


(1) gives 
de = G (<) (! 
de R 


Thus, the stress-strain curve at any desired rate can be obtained by 
integrating G(t). Conversely, G(t) can be obtained from the slopes 
of stress-strain curves, as experimentally demonstrated previously.’ 

When either G(t) or G’ is known, the other one can be calculated 
quite accurately with only a rough estimate of H by using Marvin’s 
difference method.* This method is based on the fact that the dif- 
ference between G’ and G(t) is relatively small and is given exactly 
by the equation: 


wt 
— 


I 


G’(1/w) — Git) = f H(r) | —_ — ula Inr (6) 
-« 1 + (t/r)? 


The quantity in the brackets, which approximates a delta-function, 
is significantly greater than zero over only a relatively narrow range 
of In r. Catsiff and Tobolsky® integrated eq. (6) by assuming that 
H = kr ™ over the range of + in which the quantity in the brackets 
is significantly greater than zero. They give the following equation, 
obtained by integration: 


Git) = G’ -—H |Z ex —— rm) | —l<m<2 (7) 


It can be shown that this equation represents the integral when — 1 < 
m < 2, and that when m = 0 the quantity in the brackets converges 
to Euler’s or Mascheroni’s constant which equals approximately 
0.5772. 








134 T. L. SMITH 


The storage modulus G” can be calculated approximately from H 
by substituting H = kr-” in eq. (3). Integration gives 


G" = H * sec ™* —l<m<l (8) 


This equation is valid approximately since the quantity wr/[{l + 
w*r*| in eq. (3) approximates a delta-function. To calculate H from 
G", various investigators™.'' have given as a zero-order approxima- 
tion H = 2G"/x. This is obtained from eq. (8) when m = 0. 


EQUATIONS BASED ON GENERALIZED VOIGT MODEL 


When the stress as a function of time is controlled by the experi- 
mental method, the measured viscoelastic properties can conveniently 
be represented by the continuous Voigt model. This model contains 
an infinite number of Voigt elements in series, all in series with an 
isolated spring; for uncrosslinked polymers, the model also contains 
an isolated dashpot in series. The isolated spring represents the 
glassy compliance J, and the isolated dashpot the steady-flow vis- 
cosity 7. This. model is characterized completely by J,, 7 and the 
retardation spectrum L. 

The creep compliance J(t), the storage compliance J’(w), the loss 
compliance J"(w), and stress-strain curves measured under a con- 
stant loading rate R (o = Rt, where R is a constant), are given by the 
equations: 








J() = J, + % L(r)(1 — e~")d In t + t/a, (9) 
a — 

J (w) — J, + a 1 + wy? (10) 
- “ L(r)er 

J"(w) = ry ae seme (11) 


e=J,o+R f. L(r) |< _ r(1 — —— dinr + s (12) 


Differentiating eq. (12) with respect to stress ¢ and substituting eq. 


a =2(2)+ (13) 


(9) gives 








LINEAR VISCOELASTIC MATERIALS 135 


Thus, J(¢) and stress-strain curves measured at constant loading 
rates can be interconverted in a manner similar to that described 
earlier for interconverting G(t) and stress-strain curves measured at 
constant strain rates. To date, experimental data are not available 
which demonstrate the applicability of eqs. (12) and (13). 

To obtain the difference between J (t) and J’, an equation analogous 
to eq. (7) can be derived. By assuming L = gr” over a narrow range 
of r, the following is obtained: 


’ tl 
J(t) = J’ -— Lb |Z ex = + 1(—n) |+ —2<n< 1 (14) 
2 2 n 
This equation represents the integral when —2 < n < 1, and for n = 
0, the quantity in the brackets again equals 0.5772. 

The loss compliance J” is likewise given by the approximate equa- 
tion 


Pipe spten: ~1cec) (15) 
wn 2 


bo 


APPROXIMATE EQUATIONS FOR INTERCONVERTING 
THE RELAXATION AND RETARDATION SPECTRA 


Gross** has given the exact relations between the relaxation spec- 
trum H and retardation spectrum L and these relations can be writ- 
ten as follows: 





L(r) = H(r) 
, ae 16 
le-f 4@ ais 4 + eH) 
-ol — &/r 
H(r) = Lr) . 


. il asia Dialed 1” 
ly. we oe — ding - T/ ral + rL?(r) an 


where the integrals are principal values. Although these equations 
are relatively simple, a series of graphical integrations are required 
to convert H(r) into L(r) and vice versa. As a result, these exact 
equations apparently have not been used, although Silva and Gross'* 
have evaluated somewhat analogous equations to check the validity 
of the superposition principle applied to solid dielectrics. Their 
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Fig. 1. Retardation spectrum L calculated exactly from a box relaxation spectrum 
H. 


method shows that eqs. (16) and (17) can be evaluated, although the 
evaluation is tedious. Hence, the approximations to these equations, 
discussed subsequently, are not recommended when highly accurate 
conversions are desired. 

Equations (16) and (17) can be integrated readily under the follow- 
ing two special conditions: (1) When either H or L is constant for 
a <r < b and equals zero outside this range; and (2) when H = 
kr~"* or L = gr for a < + < b and equals zero for all other values. 
(For H, these two cases correspond to the box and wedge distribution 
proposed by Tobolsky.'*) When H is constant, integration of eq. 
(16) gives: 


L(r) = : - asrsb (18) 


eg 


L(r) = 0 forr<aandr>b (18) 
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Figure | shows a plot of log L vs. log r for eq. (18) with H = 10°, 
a = 10-*, and b = 10‘. It is seen that in the vicinity of log r = —2 
the slope is about 0.15, and in the vicinity of log r = 3 the slope is 
about 0.3. The slope changes rapidly as log r = 4 is approached 
from the left and as log r = —4 is approached from the right. For 
log r = —4 and 4, L equals zero. 

When H = kr~’, integration of eq. (16) gives: 


maa vite 


L(r) = 


asr<sb (19) 
L(r) = 0 forr<aandr> b 
Figure 2 shows a plot of log L vs. log r for eq. (19) with H = 10° r~'* 
for —4 < log r < 4. Itis sen that L = 10-* 7'*/x* accurately, 
except over about half a decade of r near the extremes. This is ex- 
pected since when a < +r < b, eq. (19) reduces to L = 1/2°H. 
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Fig. 2. Retardation spectrum L calculated exactly from a wedge relaxation 
spectrum H. 
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To obtain an approximate relation between H and L, eq. (16) can 
be written in the following form by recalling that the integral of 
Hd \n + over all values of r equals (G, — G,). 


L(r) = — Ho 20) 
|. f ts) ae + 2*H*(r) 4 
er-€& 
Now, if we assume that (r — &) = +r when & < 0.17 and that (r — 
t) = —&£ when & > 10r, the integral in eq. (20) becomes: 
x bir 10r - 
f H(&) ~— f H(&) dt + H(é) ie H dé (21) 
or=—€& 0 T Oirr —& lor £ 


The first and third integrals on the right-hand side of eq. (21) can be 
written in terms of G’ and G” in the following way: Let us take eqs. 
(2) and (3) which define G’ and G’ in terms of H and break both in- 
tegrals up into three integrals which cover the same ranges of time 
(i.e., €) as used in eq. (21). After replacing in eqs. (2) and (3) the 
variable of integration r with ¢ and then setting w = 1,'r, assume that 
1 + (&/r)* equals unity when & < 0.17 and equals (£/r)* when — > 
10r. The first integral from eq. (2) and the third integral from eq. 
(3) are negligible compared with the remaining integrals and can be 
equated to zero, i.e., 


Lir 
3 © (edt = 0 (22) 
_ 
” © Wed = 0 23 
f 1 pdt (23) 


To evaluate the two integrals over the range 0.17 < — < 107 and also 
the integral in eq. (21) over this same range, let us set H = constant 
for 0.lr < — < 10r. (In this discussion, the symbols ¢t, r, and 1/w 
can be used interchangeably.) After evaluating the two integrals 
and substituting the results in eq. (20), the following is obtained: 


H(r) 


L(r) = ——___— (24) 

[G’ — G" + 1.37H(r) |? + H*(r) 

By using a similar set of assumptions, eq. (17) becomes: 
H(t) = cas) (25) 


(J! — J” + 1.37L(r) |? + #°L%(r) 
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The numerical constant 1.37 comes from evaluating (tan-' 10 — 
tan~! 0.1) which more accurately equals 1.3714. 

Although eqs. (24) and (25) give reasonably accurate transforma- 
tions, as discussed subsequently, these equations are no doubt of 
limited practical value. This is true since if G’ and G” are known, 
J’ and J” can be calculated directly, and then L(r) can be obtained 
from these by using the ordinary first and second approximation 
methods.'*~","'| However, more useful equations can be obtained by 
substituting the quantities given by eqs. (7) and (8) for G’ and G” 
and the quantities given by eqs. (14) and (15) for J’ and J”. These 
substitutions lead to the following equations: 


L(r) = 
ty H(r) 
1a + H(r) | (es “ — sec =) — T(m) + Lat |b w°H*(r) 
—-l<m<l 26) 
H(r) = 
L(r) 


$506) + L(e)| “f cae A — sec *7 ) + 1(—n) + 1.37 | —2¢/e) 
\ 9 9 9 


+ wL*(r) 
—-l<n<l (27) 


Thus, eq. (26) can be used to calculate L(r) from experimental values 
of G(t), although it is necessary first to calculate H(r) from G(t) by 
the common methods. In a similar manner, eq. (27) can be used to 
calculate H(r) from experimental values of J(t). After these calcu- 
lations are made, either J(t) or G(t) can be calculated using 
equations, obtained by rearranging eqs. (26) and (27). 


G(i) = ie — Hs) | — H(r) | (ese me — sec ") 
L (r) 2 2 


4\T 2 


~_ = 


— T(m) + 37 | —-l<m<l1 (28) 
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L(r) Ve 
Jit) = | ~ am rlL*(r) — L(r) | E( ese ee ad sec “r) 
H(r) 2 2 2 


+ I(—n) + Lat] +2 —-l<n<l (29) 
n 

Another set of approximate equations interrelating the spectra can 
be derived by assuming that H = kt™ ‘and L = gt'” over the range 
0.17 < — < 10r, instead of assuming that H and L are constant over 
this range. In this way two sets of approximate equations could be 
obtained: the set given by eqs. (26) and (27) should be more accurate 
over the range of time in which H and L are more closely proportional 
to the zero power of — than to the —'/, or +'/: power of &; and the 
second set—not derived and tested in this paper—should be more 
accurate over the range of time in which H and L are more nearly 
proportional to the —'/, or +'/: powers of — than to the zero power. 


RELATION BETWEEN STRESS RELAXATION MODULUS AND 
CREEP COMPLIANCE 


Instead of using the continuous Maxwell and Voigt models to rep- 
resent linear viscoelastic behavior, two equivalent expressions of the 
superposition principle can be used."*'*** For a material in an un- 
stressed state at zero time, these expressions are as follows: 


_ f‘do(é) # ' 
(t) -f _ J(t — &)dt (30) 
* de(€) 
j= | —“Gce- 
o(t) f ge Olt ~ Oat (31) 


Now, by taking the Laplace transforms of eqs. (30) and (31), the fol- 
lowing single transform equation is readily obtained: 


G(p)J(p) = 1/p? (32) 


The inverse transform of this equation is 


t t 
f G(E)J(t — §)d— = f G(t — &)J (Ede = ¢ (33) 
0 


This integral equation gives the relationship between G(t) and J(t). 
Further, it has been shown'® that J(#)G(t) < 1. The inequality 
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holds in transition regions and the equality holds for equilibrium or 
quasi-equilibrium states. As a crude approximation, the equality 
holds, i.e., J(t) = 1/G(0). 

For certain functional forms of either G(t) or J(t), eq. (33) can be 
solved analytically to give the desired quantity. For example, if 
G(t) = a(b/t)™, then eq. (33) can be solved readily to give 


I(t) = sin me! y (34) 


amx \b 


For more detailed discussions and other examples, the reader is re- 
ferred to the literature.**”.?! 


TEST OF APPROXIMATE EQUATIONS 


To test the various approximate equations that have been discus- 
sed, calculations were made using published data on the NBS poly- 
isobutylene.’ This uncrosslinked material has a viscosity-average 
molecular weight of 1.35 10° and has been studied extensively by 
various experimental techniques in a number of laboratories. Table 
I gives selected viscoelastic data, including the derived spectra H and 
L along with m and n. All data are reduced to 25°C. and at this 
temperature the polyisobutylene has a shear viscosity of 6.17 10” 
poises. Since several sources of data exist, a certain amount of 
arbitrariness was used in selecting the data, especially in choosing 
values of H and L from literature data. 

The stress relaxation modulus was measured by Tobolsky and 
Catsiff*?* and G” and G’ were measured by Fitzgerald and Ferry**-*4 
and by Philippoff.% The values given in Table I for these three 
quantities were obtained by interpolating the data given in Table I 
of the paper by Tobolsky and Catsiff.*? Values for G’ and G” at 
log t(sec) = 4 and 5 were calculated by Tobolsky and Catsiff from 
their derived relaxation spectrum and are probably quite accurate, 
since at other values of time their calculated values agree very well 
with the experimental data. The values of J’ and J” were calculated 
directly from the values of G’ and G” listed in Table I. Since the 
stress relaxation data were measured in tension, they were converted 
into the shear modulus G(t) by assuming 3G(t) = E(t). This as- 
sumption breaks down as the glasslike state is approached, but over 
the range of time covered in Table I, the assumption is quite accurate. 
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Reliable experimental values for the erzzz compliance J(t) are not 
available. However, Hopkins and Hamming” have recently calcu- 
lated J(t) from G(t) by a numerical solution of eq. (33). Their 
values, listed in Table I, appear to be quite accurate and are used 
here in place of experimental data. 

Values for the relaxation spectrum H for —9 < log t < —1 were 
selected from the values reported by Ferry, Grandine, and Fitzgerald 
(FGF).** Values at longer times were obtained from the first- 
approximation data of Marvin’ by applying the second-approxima- 
tion method of Ref. 15. Similarly, values of the retardation spectrum 
over the range —8 < log t < —1 were selected from the data of 
IGF, and for longer times the values were again obtained trom the 
data of Marvin by applying the second-approximation correction. 
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Fig. 3. Differences between experimental values of log G’ and log G(t) (O). 
Differences between experimental values of log G(t) and values calculated from 


eq. (7) (@). 
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As a first approximation G’(1/w)/G(t) = 1, and the logarithm of 
this ratio is plotted as a function of log ¢in Figure 3. It is seen that 
this approximation is reasonably good but that the logarithm of the 
ratio becomes as large as 0.15 (at log 4 = —5) in the region of transi- 
tion from rubberlike to glasslike properties and also at long times—the 
region of transition to liquidlike properties. G(t) was also calculated 
from values of G’, H, and m using eq. (7), and Figure 3 shows that the 
calculated and experimental values are in very close agreement, ex- 
cept at the shortest times. (The same calculations have been made 
and discussed previously by Catsiff and Tobolsky* but were repeated 
here.) 

Figure 4 compares experimental values of log G” with values cal- 
culated from eq. (8) and also with values calculated from the rough 
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Fig. 4. Differences between experimental values of log G’’ and log Hx/2 (O), 
and values of log G’’ calculated from eq. (8) (@). 
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approximate equation G’ = wH/2. It is seen that log G” values 
calculated from eq. (8) deviate from the experimental values by less 
than 0.1 logarithmic units over most of the time scale. In evaluating 
the accuracy of all calculations discussed in this paper, deviations 
of 0.1 or less between the logarithms of the calculated and experimen- 
tal quantities are considered to indicate satisfactory agreement. 
Such deviations might be expected due to some uncertainties in the 
experimental data and, more important, due to uncertainties in the 
spectra which have been derived from the experimental data by ap- 
proximation methods. 

1/G(t) and that J(¢) and 1/G(¢) can differ by a factor of two in the 
transition region. Using eq. (14), J/(t) was calculated from J’, L, 
and n and the calculated values are compared in Figure 5 with the 


Figure 5 shows the accuracy of the rough approximation J(t) = 
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Fig. 6. Differences between experimental values of log L and values calculated 


from eq. (24) (O) and from eq. (26) (@). 


values reported by Hopkins and Hamming,” labeled J(t)gy. Over 
the entire range of time, the maximum difference between the log- 
arithms of the two sets of values is 0.09. 

Figure 6 compares log L with values calculated from H, G’, and 
G” using eq. (24), and also from G(t), H, and m using eq. (26). Over 
most of the time range, the calculated values differ from the values 
listed in Table I by 0.1 logarithmic units or less. 

Figure 7 compares experimental values of log J” with values calcu- 
lated from L and n using eq. (15). It also compares values calcu- 
lated in the same way, except that the values of L calculated pre- 
viously from G(t), H, and m using eq. (26) were used. This latter 
calculation essentially means that only experimental values of G(t) 
were used to calculate J”. For the most part, the agreement between 
calculated and experimental values is reasonably good. 
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Fig. 7. Differences between experimental values of log J” and values calcu- 
lated from eq. (15) (O), and from eq. (15) but using values of L and n obtained 
from eq. (26) (@). 


Figure 8 compares the values of log J(t) given by Hopkins and 
Hamming with values calculated in two ways: (1) from values of H, 
L, and n using eq. (29), and (2) in the same way except that the values 
used for L and n were obtained from G(t), H, and m using eq. (26). 
(Actually, smoothed values were used.) Again, at most values of 
time, the agreement between calculated and experimental values is 
moderately good. Figure 9 compares values of log H given in Table 
I with values calculated from L, J’, and J” using eq. (25). 

In the present study, various direct methods for interconverting 
G(t) and J(t) were not carefully considered. However, eq. (34) was 
applied to the data on polyisobutylene in the rubber-to-glass transi- 
tion zone. To do this, the experimental stress-relaxation data were 
first fitted to the following empirical equation: 
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E(t) — E, I 
: — = ; (35) 
E, — E, 1 + at 
where a and 6 are constants. Since experimental data measured in 
tension were reported by Catsiff and Tobolsky,*® the symbol E is used 
here instead of G. This empirical equation has the advantage that 
the constants a and b can be determined readily, since eq. (35) can 
be rearranged to give 
E, — E(t) 
- = blogi+loga (36) 
E(t) — E, 


log 


To obtain values of a and b, the log-log plot indicated by eq. (36) 
was made using the data in Table II of the paper by Catsiff and 
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Fig. 8. Differences between Hopkins and Hamming values of log J(t) and values 
calculated from eq. (29) (O), and from eq. (29) but using values of L and n ob- 
tained from eq. (26) (@). 
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Fig. 9. Differences between experimental values of log L and values calculated 
from eq. (25). 


Tobolsky® and log E, = 10.48 and log Z, = 6.88. With time expres- 
sed in hours, the constants were found from the plot to be a = 1.518 
X< 10° and 6 = 0.6875. With these values of a and b in eq. (35), 
values of E(t) were then calculated at 45 different values of time in 
the range — 14.32 < logit < —3.32. The agreement between calcu- 
lated and experimental values of E(t) was excellent; the sum of the 
absolute values of the 45 deviations was 0.73. Catsiff and Tobolsky 
have used an equation of the Gauss Error Integral form to fit the 
same data, and from their calculations the sum of the deviations for 
the same set of time values is 0.89. (See Table II of Ref. 9.) Thus, 
eq. (35) fits the experimental data as well as, or perhaps slightly bet- 
ter than, the Gauss Error Integral equation. 

Values of m needed to test eq. (34) were obtained by first differen- 
tiating eq. (35) to give —m = d log E(t)/d log t, and values of m were 
calculated from the resulting equation after substituting the known 
values of aand b. Values of J/(t) were calculated using eq. (34) and 
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are compared with the Hopkins and Hamming values in Figure 5. 
At most values of time, the two values differ by less than 0.1 logarith- 
mic units. 


The author wishes to thank Dr. R. F. Landel for assistance in assembling the 
data on the mechanical spectra of polyisobutylene and for helpful discussions. 
The author also expresses thanks to Mr. P. C. Hanzel for determining the conver- 
gence of certain expressions and to Mrs. Margaret Lecaro for carrying out the 
numerical calculations. 
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Synopsis 


Approximate equations are given for interconverting the store ge modulus G’, 
the loss modulus G", and the stress relaxation modulus G(t) by using the relaxation 
spectrum H, and similarly for interconverting the storage compliance J", the loss 
compliance J”, and the creep compliance J(/) by using the retardation spectrum 
L. Approximations to the exact equations of Gross are also given for intercon- 
verting H and L. All approximate equations are based on the assumption that 
H = kr~” and L = gr* over a relatively narrow region of the time-scale. To 
indicate the accuracy of the approximate equations, calculations were made using 
published data on the NBS polyisobutylene. 
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The Principles of Plastico-Dynamics* 


COSIMO TORRE,t Department of Mechanical Engineering, 
Syracuse Universily, Syracuse, New York 


I. INTRODUCTION 


An important problem in mechanics of continua is the strength 
problem for an arbitrary body, solid, fluid (liquid or gaslike), or co- 
hesionless, which has been loaded by static or dynamic forces. A 
solution of this problem is not just the knowledge of the six stresses 
Or, ..., tey, ... a8 functions of x, y, z, and ¢t. It also includes the 
computation of the magnitude of the strength in comparison with a 
one-dimensional stress and the locus (x, y, z) at which the greatest 
strength of the loaded body occurs. 

The general formulation of the strength problem includes the limit 
(or so-called “ultimate”’) strength which occurs not only in the range 
of plastic deformations and fracture but also in the range of elastic 
deformations. In other words, the principles of plastico-dynamics 
are the same as the principles of the strength problem of a solid or 
fluid body. 

The equation of the limit strength (limiting condition) is mathema- 
tically a function of stresses, or of velocities and their gradients, and 
also of the pressure and density. It corresponds to the equation of 
state of matter (specifying equation*) in the dynamics of compressible 
fluids. 

The authors of modern books on theoretical physics do not con- 
sider the strength problem. They stop their investigations when 
stresses, deformations, or vibrations have been computed. However, 
in gas dynamics the characteristics, which correspond to Mach lines, 
do represent a partial solution of the strength problem. The charac- 
teristics are the locus of the greatest strength. 


* This paper was presented at the meeting of The Society of Rheology under a 
different title. 
‘ Present address: Research and Development Laboratory, M. W. Kellogg 
C. ny, Jersey City, New Jersey. 
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St. Venant and Levy (1870) investigated the plane and the three- 
dimensional problem of plastico-dynamics. For these data see 
Nadai (ref. 1, pp. 527 and 530 and ref. 2, p. 465). Mises* and Hencky* 
have made suggestions for the solution of the three-dimensional prob- 
lem of plastico-dynamics. Geiringer® investigated the plane problem, 
neglecting the acceleration terms in the equation of motion but con- 
sidering the rate of strains in the stress-rate of strains relations. 
Therefore, these papers investigate the creeping flow of a plastic mass 
corresponding to the creeping flow in hydrodynamics. 

Some results in the plane case of plastico-dynamics were computed 
by the author. In these papers the author analyzes the stress circles 
of Mohr which are identical with Cauchy’s stress relations. Since 
these relations are valid for a body under static or dynamic conditions, 
so also the equations computed by the author are valid in both the 
dynamic and the static case. They are valid for isotropic and aniso- 
tropic materials if the limiting condition is given in a general func- 
tional relation, and also for all kind of bodies: solids, fluids, and co- 
hesionless materials. 

Section IT of this paper will discuss the general equations governing 
plastico-dynamics. Section III will contain a computation of the 
characteristics and velocities for the three-dimensional problems 
assuming a constant density. The limiting condition will be ex- 
pressed in terms of velocities v,, v,, v,. There will be some discus- 
sion of the plane strain problem in Section IV. 


SYMBOLS 


z,t = cartesian coordinates of space and time. 
= unit vectors in the z, y, z directions. 
xz + jy + kz = position vector. 
, w = displacements in the z, y, z directions. 
iu + jv + kw = displacement vector. 
Vz, Vy, V, = Velocities in the z, y, z directions. 
5 = iv, + jv, + kv, = velocity vector. 
Cr, Gy, ¢, = normal stresses in the z, y, z directions. 
bey = tyes tye = toys ter = te: = shear stresses in the z, y, z directions. 
S = iio, + ... + (ik + Ri)t,, = stress dyadic. 
és, &, € = normal strains in the z, y, z directions; that is «, = 
Ou/Odzx etc. 
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Vey = Yuri Vor = VYeyi Ver = Yer = Shear strains in the z, y, z direc- 
tions; that is, y,, = '/2(0v/Ox + du/dy) ete. 

V = tie, + ... + (tk + Ri)y., + = strain dyadic. 

éx, .- +, Vey) --» = Yate of normal and shear strains respectively; 
that is, é- = Ov,/Ox, ..., Yzy = '/2(Ov,/Ox + Ov,/dy) ete. 

V = tie, + ... + (GR + Ri)yz. + = rate of strains dyadic. 

J = ii + jj + kk = unit dyadic. 

Wr, Wy, @, = vortices in the xz, y, z directions; that is w, = '/: 
(Ov,/Ox — Ov,/Oy) ete. 

w = iw, + jiry + kw, = vector of the vortex. 

om = '/3(0, + oy + o,) = mean stress. 
—om = mean pressure. 
= density. 
u, A = viscosity coefficients. 

= u/p = kinematical viscosity coefficient. 
V = 10/dx + jd/dy + kd/d, = formal vector of differentiation. 
A= V.V = 07/02? + 0*/dy? + 07/02? = Laplace operator. 
“|” = the “dot” represents the scalar product. 
“x” = the “cross” represents the vector product. 
f = iX + jY + kZ = vector of mass forces. 


s 
Il 


Il. GENERAL FORMULATION OF PLASTICO-DYNAMICS 


The complete system of the equations of motion of a plastic mass, 
written in the form of symbolic tensor calculus in cartesian coordi- 
nates, reads: 

(a) The general equation of motion of a continuum 

dé 


pe = VS +f (1) 


(b) The continuity equation 
Op 
ot 


(c) The condition of the limit (ultimate) strength of materials (the 
limiting condition) 


+ V.(p0) = 0 (2) 


S(e:, Fy, Fz, bey, bys, ter) = 0 (3) 
(d) The stress-rate of strain relations (proposed by Stokes) 
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S = eV + (—p + aVv.a)/ (4) 


Equations (1) to (4) represent eleven equations in eleven unknowns; 
six stresses, o,, Gy, 02, try, tye, ter; three velocities, v,, v,, v,; the value 
p; and the density p. 

Criticism of eqs. (1) to (4) will be brought out in the following dis- 
cussion. 

The clarification of the relation of p and d in eq. (4) will be made 
here as a purely formal but important step. The value 


p= —om + (?/m + d)V.O (5) 


is obtained by addition of the terms in the principal diagonal of the 
stress-rate of strain tensor matrix. Equation (5) is a known formula 
in which Stokes put \ = —2y/3 to show that the value p will be equal 
to the mean stress —o,,. 

In general a dependence of p upon ¢,, uw, A, and A.#, as given in 
eq. (5), does not exist because if we substitute eq. (5) in eq. (4) we can 
eliminate the second viscosity coefficient \ and work with the mean 
stress ¢,, and with only one viscosity coefficient u. Similarly, in the 
theory of elasticity the lateral contraction number ‘‘m” can be elim- 
inated. With the usual notation o,, = —p, eq. (4) now reads 


S = MV — (p + 2/mV.0)J (6) 
In the place of eq. (6) we can use the following equivalent expression 
S = MV + r~V.aJ (7) 


The remarks of Sommerfeld’ (p. 78) that \ = —2y/3 is valid for a 
monoatomic gas, may be correct for eq. (7) but not for eq. (4). 

Equation (6) will most frequently be used in hydrodynamics, while 
eq. (7) is used in solid mechanics, as for instance in rheology (see 
ref. 9). The stress-strain relations 


S = ywoV + rAV.a/ (7a) 


proposed by Hooke, are the only relations which are completely inde- 
pendent from stress-rate of strain relations eq. (7). The dimensions 
of yo and Xo in eq. (7a) are [PL~*], those of u and A in eqs. (6) and (7), 
[(PTL~*}. Other relations used in rheology (Maxwell’s relations and 
others) are combinations of eqs. (7) and (7a). Equation (7) was first 
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proposed by Newton as a relation between the shear stress and rate 
of shear strain. Later it was extended by Stokes to a tensor relation 
eq. (6) of second rank and of dimension three. 

Equation (7a) will be applied for an elastic body. It expresses the 
elastic behavior of matter in which the increasing stresses also cause 
increasing strains. Vice versa, the vanishing stresses cause the 
vanishing strains. Therefore, the reversibility of eq. (7a) corre- 
sponds to the physical behavior of an elastic body. However, eq. 
(7) is also a reversible stress-rate of strains relation although it will 
represent dissipative nonreversible processes in physics. Substitut- 
ing eq. (7) in the eq. (1) of motion, we obtain a parabolic differential 
equation in v whose solution contains a time decay corresponding to 
the physical process of dissipation. On the other hand, substituting 
eq. (7a) in the eq. (1) of motion we obtain a hyperbolic differential 
equation in # whose solution contains periodic functions of time cor- 
responding to the behavior of an elastic body. We see that the eq. 
(1) of motion actually decides which relation will be used for elastic 
and which for dissipative processes and not the relation as such 
without the equations of motion. This should be considered in the 
developing science of rheology. 

If we subtract on the left and right of eq. (7) the expression 


om = (7/m + A)V.D (5a) 


we obtain eq. (6), taking ¢,, = —p. 
The equations above are valid for small deformations. 
Substituting eq. (6) in eqs. (1) and (3), we reduce the system of 
eleven equations to a system of five equations in five unknowns: 
Uz, Yy, Vz, p, and p. Therefore, the new system of equations, without 
mass forces, reads 


di ‘ Me 
—= 7>-—V o 
Pt mA pt+ 3 V(V.9) (8) 

Op 
— + V.(p0) = 
= + V.(p0) = 0 (9) 
ov 
—,... = 0 10) 

(S, Pp) ( 


Using eq. (7) instead of eq. (6), eq. (8) reads 
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os = phd + (u + ANV(V.#) (11) 


dt 


This equation is used for the most part in solid mechanics. 

Equations (8), (9), and (10) are equatiors </ »»otion of a plastic mass 
which permit the computation of masnitide of the strength of a 
loaded body and the locus of the greatesi strength. The boundary 
conditions may be formulated separately for each problem. In 
solids the boundary conditions are usualy given in terms of stresses, 
but they can also be given in terms of velocities (as in hydrodynamics), 
or in terms of displacements. 

Equations (8), (9), and (10) are formally similar to the equations 
of motion of compressible frictional fluids. An interpretation of these 
equations follows in a discussion of the similarities and differences be- 
tween the flow of a fluid and of a plastic mass. This is also a con- 
tinuation of the criticism mentioned after eq. (4). 

The appearance of the limiting condition eq. (10) instead of the 
equation of state of matter, which is usually given in terms of pres- 
sure and density p(p), does not represent here a difference between 
fluid flow and motion of a plastic mass. The function p = p(p) is 
only a special case of a general “specifying’’ equation which can be 
taken as a function of p, p, 3, 7, and t, and also of the velocity gradi- 
ents; see v. Mises (ref. 8, p. 6). From a general point of view, eq. 
(10) can be taken also as the specifying condition in hydrodynamics. 

A difference between fluids and solids is to be found, of course, in 
the magnitude of the viscosity coefficient u. It is very large in solids, 
so that in solids only small velocities are possible; however, the ac- 
celeration terms in eq. (8) cannot be neglected without further con- 
sideration.’ On the other hand, the small viscosity of fluids permits 
their velocities to be large. 

Further differences are to be found in the interpretation of the ex- 
pression “p.”” In fluid dynamics or statics it is still a pressure, al- 
though it represents the mean stress ¢,,. Only on the upper free sur- 
face of a fluid can it be equal to zero (neglecting the atmospheric 
pressure). In solids the mean stress p represents in general a tension 
or a compression stress. It is equal to zero on the stress-free surfaces 
of a solid body if mass forces are neglected. In the static case a solid 
exerts a resistance against shearing forces while in a fluid only the 
principal normal stresses o,; = o: = o; = —p are to be found. 


a 











ero Fs 
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In the special case of an incompressible fluid or solid further differ- 
ences are to be considered. In the dynamics of fluids the assumption 
of a constant density (op = constant) replaces the specifying eq. 
(10) while the continuity equation now reads V.6 = 0. However, for 
the computation of the general case of the strength of a material body, 
which may be taken as a fluid or solid, a very different situation is to 
be considered, namely that the expression V .é = 0 represents a special 
case of the limiting condition eq. (10) for an ideal plastic body. It is 
only a kinematical condition without any physical constants. There- 
fore one of these two eqs. (9) and (10) cannot be accepted. It is 
clear that we shall work with eq. (10), which in a special case will be 
represented by special functions set up from a physical point of view, 
while the condition V.d = 0 is only a kinematical equation as men- 
tioned above. 

Mises* in 1913 proposed equations of motion of a plastic mass in the 
three dimensional case. He applied eqs. (1) and (4) and worked 
with the value p. For p = constant he considered both eq. (2) and 
eq. (3); namely, the continuity equation for an incompressible fluid 
and the yield condition for an ideal plastic body. Considering the 
equation V.é = 0, Mises obtained ten unknowns but eleven equations. 
To remove this indeterminacy he took as an eleventh unknown the 
viscosity coefficient 4. The second viscosity coefficient \ does not 
appear, because of V.d = 0. The viscosity coefficient 4 now becomes 
a function of the rate of strains Ov,/Ozr, etc. Thus for instance the 
stress ¢, = 2y(Ov,/Ox, ...).0v,/Ox + .... In other words, we have 
here a function of the form y = y(zx).z, which can be written simply 
y = y(x). (See also Schultz-Grunov.”) Similar proposals for a 
variable coefficient 4 were made by many other authors. Nadai'! has 
given numerical results for a few cases. However, u can be a given 
function of 7 and ¢. 

The next question is the acceleration term di/dt. It was taken from 
the dynamics of rigid bodies. Since, in a continuum, the velocity é 
is a continuous function of 7 and ¢t with at least continuous first partial 
derivatives, it is possible to write 

d Ow 


nt a (V8) (11a) 


The question is, does d7/dt represent a velocity in a continuum? 
Since the definition of velocity in continua is the derivative of the 
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displacement # with respect to time t: 6 = di/dt. We cannot replace 
du by d? because there is a large difference between these two values, 
since 


dui = (Va)-d? (12) 


There, the dyadic (Va) contains normal and shearing strains and rota- 
tions: 

(Va) = ii ou 4 4 ._ Ou +z ov + 

uj) = tt see = 1 oe 

;, Ox 7 oy 7 Ox 

fieg t+... $+ (+ fy + Y — De. +... 


ms (= S oe) 
ve Nader Oy 


is a very small angle of rotation and w, = ¢,. 

Work on hydrodynamics usually contains the assumption #9 = 
dr/dt without a statement of a satisfactory derivation. Lagally (ref. 
12, p. 251) has written a noteworthy article about the time dependent 
displacements, but finally he uses 6 = d?/dt. Lamb (ref. 13, p. 3) 
asserts that any function F(?, ¢) has a convective term 0.(VF). How- 
ever, this is not the case with the function of the displacement vector 
a which also depends upon f and ¢t. Thus, since 6 = da/dt = 04%/di 
+ #.(Va), we obtain further difficulties. Lamb also assumed that the 
infinitesimal increase of ? is equal to édt, while édt is actually equal to 
di but not to dr. It is 7? + df but not 7 + dia. 

Lagrange derived the equation of motion of a continuum by com- 
puting the motion of a fluid particle. He now loses the independent 
variables x, y, z since they are functions of ¢t only. To replace this 
loss, he took the (initial) coordinates called a, b, c of the particle as 
independent variables. The acceleration here reads 0*f/dt*, but 
the function ? which is to be computed also appears in the denomina- 
tor of Op/dr. The new variables a, b, c helped to put 7 in the numera- 
tor. For Lagrange’s equations see for example Lamb (ref. 13, pp. 
12, 13). 

Expressing the momentum in the form of a differential equation 
and using the continuily equation, Oswatitsch (ref. 14, p. 34) obtains 
the convective term of acceleration for the one dimensional flow: 
v,dv,/dx. The other two terms in the z direction for a three-dimen- 


where 
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sional flow, namely v,0v,/Oy and v,0v,/0z, can be expressed as a prod- 
uct of the velocities v, and v, and the tangents dv,/dy and dv,/dz of 
the angle between the velocity profile v,(z, y, z) and the directions y 
and z, respectively. So far as we are concerned, this appears to be only 
a partially satisfactory derivation of the convective terms of accelera- 
tion in a continuum. 

Equation (lla) written in the form 

do _ Fs 5.(¥8) (13) 
dt ol 
is useful, for instance, in the investigation of laminar stationary jets 
and wakes flow. 

To justify the change from da to d? in the equation of velocity in a 
continuum, it is often explained that we are dealing with moving co- 
ordinates fixed on a fluid element. This assumption implies that the 
strains and stresses are related to deformed lengths and areas, re- 
spectively, of an instantaneous volume element. These strains and 
stresses are called natural strains and true stresses (see Nadai, ref. 2, 
pp. 74, 130, and 71, respectively), and will be used mostly for large 
deformations. Neither is applied yet in hydrodynamics. 


Ill. THE THREE DIMENSIONAL PROBLEM 


As mentioned in Section I, the knowledge of six stresses, three veloc- 
ities, p and p as functions of z, y, z, and ¢ is not a solution of the 
strength problem. The solution is closely connected with the generai 
problem of plastico-dynamics. There remains the computation of 
the greatest strength of a loaded body and the locus at which the 
greatest strength occurs. 

In this section we will assume that the density p is constant and 
we will neglect the expression V.é = 0 as a duplication of the limiting 
condition; eq. (14) can be assumed as a generalization of V.d = 0. 
It will also be assumed that di/dt = 00/d0t. We shall compute the 
differential equations of the characteristics whose solutions corre- 
spond (/) to the slip lines in the range of plastic deformation, (2) to 
cracks in the case of fracture, or, in general, (3) to the locus of greatest 
strength. The value of the greatest strength is to be computed im- 
mediately from the limiting condition, which can be applied also to a 
loaded elastic solid body. 
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The limiting condition eq. (10) will be expressed in terms of veloci- 
ties. It reads 
Vv, = U,(Vz, Vy) (14) 


Each term in eq. (8) will be multiplied by VX, so that 


V Xo = 4, Vx<V — 0 (15) 

The ne (j. (8) re ads 
l ) 
A 6 


Vv Xp, the rotor of a scalar, is not defined. The density pcan be taken 
as a given scalar function of 7 and ¢. 

The three eqs. (16) contain three unknowns ?,, v,, v,. These three 
unknowns cannot be computed from eqs. (16), because V.a = 0; 
divrotor of any vector is equal to zero. To overcome this difficulty, 
we will consider the following. Also the creeping flow (0@/d0t = 0) 
can be considered using the potential differential equation Aa = 0 
instead of eq. (16) without changing the theoretical results in eqs. 
(20) to (23). 

The three eqs. (16) are parabolic differential equations and, in the 
present case, they are valid for dissipative frictional processes. Their 
solutions are well known, and are formally the same as the solutions 
of the differential equations for heat transfer or diffusion. The solu- 
tions can be found using Fourier’s series or also other additional solu- 
tions which are described in treatises on differential equations; see 
for instance Webster." 

We will carry out further derivations using only the remark that the 
solutions of eqs. (16) are known and that they are in general (neglect- 
ing ‘‘'/,’’) 


dy _ dz ” w,(x, Y, 2, t) (17a) 
Ov, Ov, 7 
de = oe w,(z, y, 2, t) (17b) 
ov Ov, 

* on - w,(2, Y, 2, t) (17) 
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Considering eq. (14) we obtain from eqs. (17a and 17b) 


Ov, Ov, Ov, Ov, ov, 
-™ w(x, y, 2, t) (18) 
Ov, OY Ov, Oy Oz 


Ov, Ov, Ov, Ov, ov, 


ie a >: w, (x, y, 2, b) (19) 
z y . « 


The term ov,/Ozx from eq. (17c) will be substituted in eq. (19) and 
the term Ov,/Oy from eq. (17c) will be substituted in eq. (18). Thus 
we obtained the following two quasi-linear differential equations of 
first order in v, and v, separately: 


meer gore 0 (20) 
= ov, Ox ov, oy Oz Ov, ” 7” : 


G aia Ov, Ov, Ov, bi ov, x ov, PEN Eee 21) 


Ov, Ox Ov, O, Oz ov, 


F 


F = Oand G = 0 are Hamilton-Jacobi differential equations. 

Using s as a parameter, the differential equations of characteristics 
obtained from eqs. (20) and (21), which are Hamilton’s or canonic 
differential equations (in particle mechanics s is to be replaced by ¢), 
read [cf. Lense (ref. 16, pp. 104-105; Webster (ref. 15, p. 73)] 


dx ov, 
ds ‘ Ov vim) 
dy ov, 
ds * Ov (2%) 
. u 
dz 
7 =—] (22c) 
dv, Ov, 
ds =— > W, — Wy (22d) 
d () re) (>: + ) (22e) 
ie —_—-. . 2% 
ds\ Ox Ox \Ov, . 7 


+(*) ae, die ° (™ + ) (22f) 
ds\dy/ = dy\dv, ¥ 
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d () F ra) (* ¥ ) (22g) 
ds\dz/  —dz\dv, — 
dx Or, 
= (23a) 
ds ov, 
dy ” Ov, (23b) 
ds ov, 
ds = —] (23) 
ds 
1 ’, 
atm oe + w, 23d) 


w, + w.) (23e) 


(Or, ve 

e) 4 o¢ as w.) al 
(>) 0 (dv, 

ds\Oz ’ 


 @ +o 23g) 

Oz\Ov, 7 ( 
Here x = 2x(8), y = y(s), 2 = —8; v,(s) or v,(s) are integral curves. 
Equations (22e-g) and (23e-g) say the same as eqs. (22d and 23d), 
respectively. If dS is the are element and s the parameter, we obtain 


dS “4 ou iy ' =) ‘ 
= 1 — (23h) 
ds * - (2 ¥ ov, 
The direction cosines at any point of the characteristics are 
_ dr _dr/ds_ m/s) *( )) . (my 
ee eS ae. Fae \ or dn, 


y ov, 2 
cow = “S/N vis (2) + (2) 
or Ov. \2 
= +(-—1 23 
— |i + + (5) oy 
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The total derivative of the parameter s is equal, according to eqs. 
(22c) or (23c), to 


ds = —dz 24) 


Therefore we obtain from eqs. (22) and (23) the following relations 


dy Ov, /Ov, 5 
— = (25a) 
dx  Ov,/ Ov, 
dx a Ov, 95) 
dz a», eae 
dy Ov, ‘ 
-= — 25c) 
dz Ov, 
dv, Ov, , 
dz rs ov, sa ialions (26d) 
d () ra) (5. + (250) 
= Qe 
dz\Ox Ox \Ov, 2 ” 
d (5 *) ra) (= 2 (25f) 
=— ) 
dz\Oy oy dv, “v 
d (=) re) (>: + (25g) 
= : 25 
dz\dz dz\dv, i Sh Bi 
1 ov, 
* = — = ty — te 26a) 


(3 w, + w.) (26b) 

d | o (* ) ef 
= - ‘ 26e 

(2 Oy \Ov, “re aan 


=(3¢) - te ) (26d) 
ds\de/  ~ de\dv. . 


The solution of eqs. (22) and (23) or (25) and (26) give the charac- 
teristics of the differential eqs. (20) and (21) along which can be found 
some discontinuities. 








166 C. TORRE 


According to eqs. (22b and 22d) and (23a and 23d) we obtain 


dv, a + Wy dv, cs Wy (27 
a” **Sen & te, _ 
Eliminating w, from eqs. (27), we obtain 
dv, + dv, a —. - oa a (28) 
dy dx Ov, /dv, Ov, /Ov, 


Since the velocities v, and v, are functions of z, y, and z, then eq. 
(28), representing the differential equation of the projections of the 
characteristics (“base” characteristics) in the plane (x, y), can be 
written as follows: 


j —— +. 2 ie 
(%¥) ae a v(2) s é _ 1 o, dz (29) 
dx/;,2 é é& é é, Oz dx 
where 
7 dA. 4 ( 4 o\ ie ( Ps ot 1 Ov, dz 
Od ™™ TON Be Jaz” 2\% ~ de /dy 222 dy 
(30) 


The values dz/dz and dz/dy in eqs. (29) and (30) have to be taken from 
eqs. (25b and 25c). Substituting in eqs. (29) and (30) the values 
w, and w, (see symbols), further taking Ov,/Ov, = é,/(Ov,/0z), dv,/Ov, 
= é,/(Ov,/Oz), and Ov,/Oz = Yrz + wy, W,/Oz = Yyz — wz, EGS. (29) 
and (30) read 


(*) os i a(z) - 2+ + %)* 
dz}. & é, é, ees 


7 1 
A= Vey = %. (Ye2Vye + WWy) (31) 
€, 
The limiting condition corresponding to eqs. (31) reads 


ee eae (32) 


The terms involving 72, ¥,, and w,, w, in eqs. (31) represent the 
influence of the three-dimensional state of strain on the characteristic 
directions. 
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Because é¢, = de,/dt etc., eqs. (31) can be written in terms of total 
derivatives of strains; that is, using w, = ¢, etc., 


(*“) ae dA +4(4) me de, “ (dz + d¢,)? (33) 
dx] 1,2 de, de, de, dele, 
where 


l 
dA = dyn — Ode (dy:d7y. + ded¢,) (34) 


The limiting condition corresponding to eqs. (33) and (34) reads 
Qles, .--) Yew, «++» Oxy ---) = O (35) 


The general integral of the partial quasi-linear non-homogeneous 
differential eqs. (20) and (21) of the first order can be investigated if 
the limiting condition of eq. (14) is given in a particular form, and the 
integral of eq. (16) is finally determined. Because dv, in eq. (25d) 
and dv, in eq. (26a) do not depend upon their partial derivatives 
eqs. (25e-g) and (26b-d), the characteristics of the differential eq. 
(20) [and similarly eq. (21)] read, taking 3; = ¥8;(z, y, z, v,, v,), 7 = 


1, 2, 3, 
v =v,— (=: + Ja _— 
1 rc f dv, @, jaz = a 
v%. + S- + ie =b 
Ov 
v, + f (= ~ + w, ae ie 
ov, 


where a, b, c are constants. The general integral is a functional rela- 
tion ©(8,, d2, 8;) = 0. The intersections of the surfaces 3, d2, 3; are 
characteristics or finally slip lines (with some restrictions; see ref. 6, 
Fig. 14, p. 338) of the three dimensional problem of plastico-dynamics. 
All these characteristics form an integral hyper-surface of v, (or v,) 
passing through an arbitrary twisted curve C. 


ds 


D2 


IV. THE PLANE STRAIN PROBLEM 


In the plane strain problem Ver, Vy2) @r, Wy, ANA Yr2, Yy2, Or, By are 
equal to zero. Then A = 7,,anddA = dy,,. Therefore, according 
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to eqs. (31), (33) and (34), the differential equation of characteristics 


reads 
‘ Tp ar 
(‘¥) ae == + 4(*") . > (36) 
dx} 1,2 é, éy é, 


(~4) —— dry + q (S=)’ A de, (37) 
dx/ 1,2 de, de, de, 


The limiting conditions here read 


and 


S(é, 4 Vey) = 0 or g(€, €y, Yzy) = 0 (38) 


In the principal directions 1, 2 of strains, the shear strain y,, 
vanishes. Equation (37) now reads 


dy | de 
: = + Q-— 39 
(4) \ des ( 


with the limiting condition 
a= €:(€2) (40) 


Similarly as in the plane stress problem (see ref. 6), the negative 
values of de,/de, with imaginary characteristic directions are also ai- 
lowed. Physically, they represent brittle fracture (see ref. 17). 
Geiringer® means correctly that the rate of strain ¢ along the charac- 
teristics is equal to zero. 

We return to the question of the validity of the continuity equation 
for the plane problem. It reads: & + & = 0. We can write also 
de + de = 0 or —de/de = 1. Here the characteristic directions 
dy/dx = +1 will still be at an angle of 45° with the z and y axes. 
The angle between the slip lines will still be 90°. This corresponds 
to the situation in an ideal plastic body. We see that the continuity 
equation is a special case of the limiting condition, and hence we are 
quite ready to apply here the more general case represented in eqs. 
(38) or (40). The continuity equation must now be neglected for the 
case of constant density, as mentioned in Section II, because it dupli- 
cates and specializes the limiting condition. 

According to eq. (28), we obtain now in the plane strain problem 
(w, = w, = 0) the following relation 


dy/dx = —(dv,/dv,) (42) 
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Equation (42) says that a tangent to the curve y(x) in the plane 
(x, y) is perpendicular to a tangent to the curve v,(v,) in the plane 
(v,, vy). This corresponds to the mapping of the Prandtl-Busemann 
nets in plane supersonic flow. Equation (42) is derived also by Geir- 
inger (ref. 5, p. 243). 

In the plane problem eq. (16) with w, = w, = 0, w, = w reads 


_— (43 
p = ~oOw ») 
ot 
where w = w(x, y, t) is a solution of the parabolic differential eq. (43). 
Equation (43) is one equation in two unknowns v, and v,. The second 
equation is the limiting condition 


Vy = V,(Uz) (44) 


Equation (43) corresponds to the vorticity transport equation in 
hydrodynamics; see, for instance, Schlichting (ref. 18, p. 54). In 
this equation the time variation of vorticity is equal to the rate of 
dissipation of vorticity through friction. In hydrodynamics the 
stream function (x, y) is applied which satisfies the continuity equa- 
tion V.d = 0. Because eq. (44) replaces the continuity equation 
here, we shall now proceed similarly as in Section III. The equation 


of the vortex with w(z, y, t) as a solution of eq. (43) reads (neglecting 
“1 / ”) 
/2 


» Ws 
+ we = = w(z, y, t) (45) 


Because the velocity v, in eq. (45) is dependent on v, by eq. (44), we 


obtain the differential equation of the plane strain problem as fol- 
lows: 


loin dv,(v,) Ov, Ov, 


— —w=0 46 
dv, Ox oy - (46) 


Equation (46) is a partial quasi-linear differential equation of first 
order. The differential equation of characteristics reads (cf. Web- 
ster, ref. 15, p. 54). 


dx dy 
—— = — 47 
dv,/dvu, —1 _ 
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dy dv, 
ve (47b) 
—1 w 
dv,  ddv,/dx 
o  dw/de (47e) 
dodv,/Ox ie ddv,/Oy (474) 








Ow /Ox Ow/Oy 


Rearrangement of eq. (47a) gives eq. (42). Equation (47d) says 
the same as eq. (47c). The characteristics of the differential eq. (46) 
according to eqs. (47a) and (47b), with #;(z, y, v,), i = 1, 2, are 


v, =v, + fody = a = constant, 


ve = v; — f ry ib, dx = b = constant (48) 


The general integral is a functional relation @(#,, #2) = 0. There 
are ~' arbitrary intersections of the 3, and #, surfaces. All these 
characteristics form an integral surface of v, passing through an ar- 
bitrary twisted curve C. 

If the velocities v,, v, for the three dimensional problem are known, 
the velocity v, will be computed from eq. (14). Similarly, if the 
velocity v, in the plane problem is known, the velocity v, will be com- 
puted from eq. (44). Then the pressure p will be computed accord- 
ing to eq. (8). The stresses will be computed according to eq. (6). 


Vv. THE PLANE PROBLEM OF AN IDEAL PLASTIC BODY 


We consider here the plane problem with ¢, = t,, = l,, = 0 and 
with 0.../0z = 0. We do not consider the convective terms of the 
acceleration. Therefore, dv,/dt = Ov,/dt and dv,/dt = Ov,/dt. The 
equation of motion (1) without mass forces reads 


Ov, do, , 2 dv, do, , di 


—=_— +2 “¥ = — 49 
> > ae Pay te (49) 


The continuity eq. (2) is neglected here, because we assume that the 
density p is a given function of 7 and t. For the limiting condition 
eq. (3) we shall take here a special yield condition for an ideal plastic 
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body. This is a quadratic expression in stresses without linear terms. 
It is 


(a, — oy)? + ty? = Ate? (50) 


The stress-rate of strain relations for the plane problem are according 
to eq. (6) 


ae (=: + ~s) 
eae P 3"\dz oy 
_« & 2 (dv, ~s) 
o, = at P—> (= + dy t (51) 
t. = (= + ) | 
wn "Nae * by 


If we put eq. (51) in eqs. (49) and (50), we obtain the differential 
equations of motion of an ideal plastic body, which read—compare 
with eqs. (8) and (10)— 


ov, Op pO 
— = pdr, — oD 52: 
Pot _ ae * 322” = 
ov, Op  4oO 
— = phe — ~(V .o 52k 
Py ~ Bay dy * 3dy° 0) (52b) 
ov, nV" (= ey’ (*) " 
— — — —}) = 53 
(> oy + Ox * Oy m (93) 
Equations (52) and (53) are three equations in three unknowns, ?,, 


vy, and p. 
If we differentiate eq. (52a) with respect to y and eq. (52b) with 
respect to z, and we subtract these two equations, we obtain 


oe uA (54) 
wh Tiecaad ‘ 


If we add the differentiated equations instead of subtracting, we have 


oy Op  » 0 
i th dell aw sete te Bees Og 55 
ra oe See (55) 
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With the assumptions for the mean pressure p and the rate of the 
volume dilatation V .é 
p = filxz, y) + nly, 0, V.6 = fo(x, t) + goly, b) (56) 
Equation (55) simplifies as follows 
— = phy 57) 
o> = pay ( 


Both equations (54) and (57) are parabolic differential equations. 
We can also carry out further derivations with the remark that the 
solutions of eqs. (54) and (57) are 


w = w(z, y, t) (58a) 
¥(z, y, t) (58b) 


If we substitute eq. (58b) in the yield condition eq. (53), we obtain 
with eq. (58a) two simultaneous differential equations which read 


y 


SS +4(“) - a” t) (59) 
or Oy m Te “ 
Ov, Ov, ( ) (60) 
— Se... Ses 
as ay 


Separating the velocities v,, v, each in one differential equation, we 
obtain two linear hyperbolic differential equations which read 


Of, _ dy _ Ww, 2 (*) _ 2 (61) 
Ox? oy? Or Oy *\u 

, 2» — Es 
O77, _ Or, _ dw. , 2 (*) _ 4 (62) 
orf dy?) ly) Or Vy 


These differential equations have the equations of characteristics 
As a consequence, eq. (63) yields two families of straight lines 


x+y = constant, x — y = constant (64) 


These straight lines are inclined to the xz and y axes at the angle of 
45°. Each one of these straight lines is perpendicular to the other, 
as is known in the behavior of slip lines of an ideal plastic body. 
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Using the transformation in the direction of characteristics eq. 
(64): u = 2+ y,v = x — y, we obtain the integrals of eqs. (61) and 
(62) which read 


l 
> ‘f [wdy + V (to/u)? — y2 dx] + F(x + y) + G(x — y) 
(65) 


Vz 


~ 


1 stag 
if lwdr + V(to/u)? — yr dy] +f(a+y)+g(e@—y) (66) 


The boundary conditions will be taken separately for each special 
case. 

If w and z are the orthogonal curvilinear coordinates, eq. (63) 
reads 


dz/dw = +1 (67) 
Its solution is 
z + w = constant (68) 


Investigating the polar and bipolar coordinate systems with w = 
Inr, z = ¢, and w = In r,/re, z = od: — oe, we obtain, according to 
eq. (68), r/ro = e** and r;/rz = k exp. + (¢; — ¢2). These are log- 
arithmic and bipolar logarithmic spirals, respectively. These are 
valid, for instance, if the boundary conditions and the loading coin- 
cide witb the principal stress trajectories along the coordinate curves. 
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The Creep of Snow under Combined Stress 


J. K. LANDAUER,* U. 8S. Army Snow, Ice, and Permafrost 
Research Establishment, Wilmetie, Illinois 


I. INTRODUCTION 


A considerable amount of work has been done in the field of creep 
under combined stress, but generally on materials for which the com- 
pressibility can be neglected.':? These tests involve combinations of 
torsional and tensile stresses. Their applicability to snow is severely 
limited, however, by the great compressibility of snow. For typical 
creep tests, snow density may change 5 to 10% in a few hundred sec- 
onds. Bucher* studied the creep of low-density snow under tension, 
compression, and shear, using low stresses. He developed theoretical 
relationships to compare his results under different stress conditions, 
but his data are insufficient to establish a useful correlation. 

Some uniaxial tests have been performed on snow.*® They indi- 
cate a flow law for creep varying from a linear law at low stresses to a 
power relationship at high stresses. In-place compactive tests have 
been run on natural snow,*-* but these are difficult to analyze be- 
cause of the variable snow conditions. 

The present experiments were run under three different stress 
conditions: (1) uniaxial compressive; (2) confined-side compactive; 
and (3) hydrostatic, all at constant stress between 4 and 40 psi. For 
the uniaxial case both vertical and lateral creep were determined; 
under the confined-side compactive stress, vertical creep and lateral 
stress were measured; and change in volume was determined for the 
hydrostatic tests. Tests were run at various temperatures from —3.6 
to —13.6°C. and for snow densities between 0.36 and 0.63 g./cm.*. 
For each experimentai condition, severa. «amples were measured to 
obtain an average value. 


* Present address: University of California Radiation Laboratory, Livermore, 
California. 
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Il. EXPERIMENTAL 
A. General 


The snow used for the tests reported here was natural snow that had 
been stored at low temperatures (—25 to — 50°C.) for periods ranging 
from a few months to a few years. Grain size and shape characteris- 
tic of these snows varied, depending on the original deposition and on 
the conditions of storage. In all cases, the stored natural snow was 
mixed and sieved into suitable containers and allowed to harden for 
periods of 1 to 4 weeks. During the first week most of the harden- 
ing process had occurred and tests performed after this did not in- 
volve an appreciably varying hardness.°® 

Because of differences in the natural snows used, the densities after 
sifting varied between 0.36 and 0.5 g./em.*. Higher-density snows 
were obtained by compacting freshly sieved snows and allowing them 
to harden in the same manner as for uncompacted snows. No change 
in density occurs during the hardening process. 

The tests were performed in cold rooms where the temperature 
varied less than 1°C. For some experiments the temperatures were 
controlled to +0.1°C. by placing the experimental apparatus in a 
constant temperature enclosure. 


B. The Apparatus 


The uniaxial and confined-side experiments were performed on an 
electrically operated press. Stress was maintained approximately 
constant by an on-off action of the press. Actually, therefore, a 
roughly sinusoidal stress was applied. The amplitude of the sinu- 
soidal component was a few per cent of the applied stress and it was 
determined that the resulting deformations were the same as if a truly 
constant stress was maintained. 

Vertical stress was measured using a 500-lb. Baldwin Type U load 
cell. Vertical strain was measured with a millimeter scale for large 
deformations and a 0.001 in. Starrett dial gage for small deformations. 

The lateral expansion accompanying vertical compaction for uni- 
axial stress was measured using four 0.001 in. dial gages at the center 
of each of the sides of the specimen as shown in Figure 1. 

The confined-side compactive experiments were run in square cross- 
section steel prisms lined with a thin coat of Teflon to reduce friction. 
Inside dimensions were 5.75 X 5.75 X 12.7cm. high. The apparatus 








Fig. 2. The confined-side apparatus. 


is shown in Figure 2. A circular Loi: 3.60 cm. in diameter was at 
the center of one side. A 3.46 cm. diameter pressure plate fitting 
coaxially into this hole was used to measure the lateral stress. Force 
was measured with a 5 kg. Dillon dynamometer. A fine screw ar- 
rangement allowed the lateral pressure plate to be kept flush with the 
inner wall of the steel cylinder. For this purpose a 0.0001 in. Starrett 
dial gage was used as reference indicator. 
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Hydrostatic stress was applied using compressed air and measured 
with a 200-lb. Baldwin SR-4 pressure cell. The snow sample rested 
on a porous base and was enclosed in a snugly fitting thin rubber en- 
velope extending over the junction with the base (Fig. 3). A brass 
can was used to enclose the pressure system. A manometer arrange- 
ment served to measure the air expelled from the snow through the 
porous base and thus provided a measure of the deformation. 





Fig. 3. The hydrostatic apparatus. 


C. Procedure 


A large group of uniaxial and hydrostatic experiments (Group I) 
were made with cylindrical snow samples 5.8 cm. in diameter and 18.9 
em. high. In these tests deformation was measured at each of a series 
of increasing stresses for constant time increments. Stresses of about 
4, 10, 16, 22, and 28 psi were applied successively for several hundred 
seconds each. The total deformation of a sample was usually less 
than 10% and most of this occurred at the higher stresses. These ex- 
periments were performed on snows near 0.4 g./cm.* density and at 
various temperatures between —3.6 and — 13.6°C. 

Because of the relatively large change in density between the begin- 
ning and end of these experiments, a second set of experiments 
(Group II) was performed at constant stress with the deformation 
continuing until the snow had densified a given small amount. In 
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these experiments initial densities were from 0.37 to 0.63 g./em.*. The 
temperature was maintained at —10°C. For the uniaxial and con- 
fined-side experiments the square prismatic samples (5.75 & 5.75 x 
12.7 cm.) were used but the circular cylinders were again used for the 
hydrostatic experiments. 

For all of the experiments the snow was brought to temperature 
several hours prior to testing. In the uniaxial and hydrostatic cases 
the snow sample was removed from its container and tested immedi- 
ately. The snow for the confined-side experiments was not removed 
from the container, but loosened slightly to break any side bonding. 

Usually a small initial pressure was applied (less than 10% of the 
test pressure) to assure good seating and to provide an adequate zero 
point from which to measure deformation. 


Ill. THEORETICAL RELATIONS 
A. Additive Theory 


On the basis of an additive concept, deformation under combined 
stress is the sum of the deformations which would occur for separate 
uniaxial stresses. If this assumption is correct, deformation under 
combined stress can be predicted from uniaxial experiments. As will 
be seen later, the uniaxial creep law for snow can be taken as: 


éx = ko,(1 + aa,?) (1) 


where é¢,, and a, are the compressive strain rate and stress in the 2-di- 
rection, and k is a constant depending on temperature, density, time, 
and snow-grain characteristics. 

Snow under uniaxial compression undergoes horizontal expansion. 
The ratio 


— €u/éru = M (2) 


is a measure of this effect. 1/m is the visco-plastic analogue of Pois- 
son’s ratio. 

For combined stress the strain rate in the z-direction, using eqs. (1) 
and (2), is: 


= kel + a0) — “4 1 + aot) - “0 + amet) 8) 
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where j and k are directions normal to 7. Under uniaxial compres- 
sion, the lateral strain rate, é..{(= é,.), is simply: 

éxy = —(ko,/m) (1 + aa,*) (4) 
For hydrostatic stress, the strain rate, é:.(= é:. = €,,) is, using eq. (3): 


m—2 3 
én = - ko,(1 + aa,’) (5) 
m 
In the case of confined-side compaction: 
éxe( = éye) = O 
For this case, using eq. (3), the ratio of vertical to lateral stress is 
found to be: 


(6) 


For a linear creep law this reduces to: 
o./¢, = m— | 


Creep in the z-direction should be less for the confined-side than for 
the uniaxial case. From eqs. (3) and (6) the strain rate is 
(m — 2) (m + 1) F as 
éxe = koA1 + aa,*) (7) 
m(m — 1) 
Creep rates for uniaxial, hydrostatic, and confined-side stresses can be 
compared on the basis of the additive concept. The ratios of the creep 
rates are: 





= —— (8) 


and 
fu m(m — 1) 
éc = (m — 2) (m + 1) 


B. Relationship between Tests Run for Constant Change in Density 
and Tests for Constant Time 


(9) 


Group I experiments were performed for constant time increments. 
An average velocity was determined which was the total strain di- 











~ 
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vided by the time, ¢, during which constant stress was applied. Thus, 
a generalized creep curve of the form 


Az/z! = ABST (10) 


was found, where A is a constant depending on density, temperature, 
and grain characteristics, B is a constant of the stress condition (i.e., 
the factor to represent combined stress behavior which is equal to 
unity for the uniaxial case), S is the uniaxial stress function, and T 
is a function depending only on time. 
The time dependent function was found to be well represented by 
e = (Az/z)«?’ (11) 
The average strain rate is, therefore, 
(Az/2t) «ft '=T (12) 
while the strain rate, é, is 
é a rt’~' (13) 
Thus, in terms of strain rate, the generalized creep curve for constant 
time becomes 
é, = ABSrT (14) 


Owing to changing density during deformation, it is reasonable to 
compare creep rates at a chosen density as done for Group II ex- 
periments. To attain a given change in density (initial densities 
being equal) it is necessary to produce a larger z-axis strain for the uni- 
axial case than for the confined-side or hydrostatic cases. The 2z- 
axis strains to reach constant density will be in the ratio: 


€ul€ce:€, = 1:(m — 2)/m:(m — 2)/3m (15) 


To express the constant-time creep curve [eq. (14) ] in terms of creep 
rates at constant density, it is first necessary to express the curve at 
constant z-axis strain. Since the time to attain a given strain is: 


t, = (e/ABS)” (16) 
the creep rate at constant z-axis strain becomes: 


é, = (ABS)"'r~?”" (17) 
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At constant density the ratios of the strain rates under confined-side 
and hydrostatic stresses to strain rate under an equal uniaxial stress 


are: 
(<) - B(@—)\"" 
tu/ y m 
(2) = ayr(m=2y"™ 
tu/ y 3m 


From eqs. (8) and (9) the values of B can be taken as B, = [(m — 2) 
(m + 1)]/m(m — 1) and B, = (m — 2)/m. The above equations 


can be rewritten 
(<) _m-2 (™ +) 
éu/ y m m— 1 


and (18) 


(*) _ ™— 2 g0-n/r 
éu/ y m 


IV. RESULTS AND DISCUSSION 
A. Group I Experiments 


Group I experiments provide information on the stress and tem- 
perature dependence of the uniaxial and hydrostatic cases. Thirty- 
five samples were tested. Typical creep curves for the two stress con- 
ditions are shown in Figure 4. An average strain rate was deter- 
mined for each pressure by dividing the total strain by the time in- 
crement. A few tests at 300 and 500 sec. increments were converted 
to the predominant 200 sec. basis by eq. (12), using r = 0.5. The 
volume deformations determined for the hydrostatic experiments 
were converted to z-axis strain rates by dividing the volume strain 
rates by 3. 

Either of two stress functions can be used to represent these data. 
A very good fit of the data is obtained using a hyperbolic sine stress 
dependence and a slightly inferior fit is obtained from the sum of 
linear and cubic stress terms. In Figure 5 the experimental results 
at —35.4°C. are compared with hyperbolic sine and linear plus cubic 


and 
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Fig. 4. Deformation vs. time. Group I experiment at —13.55°C. Numbers on 
curves indicate stress in psi. 
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Fig. 5. Empirical creep curve for Group I test at —8.4°C. using coefficients from 


Table I. 


stress curves. Some deviation occurs at the higher stresses due to 


the continuously increasing density of the sample. The coefficients, 
C, for a hyperbolic sine creep law 


(Az/zt)200 = C sinh (o/o0) (19) 








a ee ee _ 











8°0 88 I 00z Y cc ¢I- O08 0 Pr 

0 a SE z 002 n co’ eI- O08 0 t 

| 9°01 z 002 Y *'8- ose 0 t 

£°¢ Pte £ 00Z n + 8- Ose 0 P 

9'T 081 £ 00Z Y _ O8t 0 ¥ 

cP 0 Fe € 002 n © ae 08f 0 t 

81 00% z 002 Y °t—- Ose 0 F 

VL ¢ 08 j 002Z n = Ost 0 tr 

| 08 € 00Z Y A O0ZF 0 € 
re| oI ¢°8I € 002 n ae Oct 0 £ 
2 £% 1% t 00z n i oe ZzF 0 z 
ra) £1 me) | I 008 n a t- cZP 0 z 
Z ce 0 a j 00g Y 2 3I- 0ZP 0 I 
3 oF'0 g°¢ z 00g Y $'8- Ozh "0 I 
J 8°0 08 z 00¢ Y = 0ZP 0 I 
” (;-"008 (; "008 pedei0ae (908) wor} puoD (‘Oc) (¢"u9/"3) youeg 

OI X)¥ OI X)9 sojdures sso.1}s S80.1}g ‘dua, Ayisuep 
jo ‘ON yore Moug 
qv QUILT, 
9 








z-sd,._01 X § =D pun wd OL = % Zuisn pezenoyvo useq eABY syUBISUOO OL], 
SOSSOIIG OPLJsoIpAP] pu [erxeruy Jepun sjsey, | dnoiry 10] (,00 4+ 1 )oy 
= (72/27) puv (%/2) yUIs Q = (72/27) WLIO 94} JO SAAIND doaIg Aq poyusseiday soyuY UTEINg SIXy-7 OBBIOAY *99g°00Z 
I Wav 


184 












CREEP OF SNOW UNDER COMBINED STRESS 185 


100x10® 
80} , 
60; SK sits 70 
~\ 
20) “a AH #13,100 SAL 
F ba! MOL 
oO 10 " ra Ne 
©O 6 \ 
$ OH =15, 300 CAL *\ 
MOL 
~ 
e ) s + +s 
TEMP. (C) 
36 37 38 39x10° 
\/T(K) 


Fig. 6. The coefficient, C, for the hyperbolic sine creep curve plotted vs. 
inverse absolute temperature. (X) Uniaxial y = .38. (A) Hydrostatic 7 = .38 
(©) Hydrostatic y = .42. 


are given in Table I. For both uniaxial and hydrostatic experiments 
go is a constant equal to 10 psi. 
Representation of the data in a creep curve of the form 


(Az/zt)200 _ keo(1i + ao’) (20) 


is advantageous for some applications. The values of the constants, 
k, are shown in Table I. The constant, a, does not vary appreciably 
from the value 3.0 X 10-*, and k has been calculated on that basis. 

Comparison of the values of C at different temperatures leads to a 
value of the activation energy for creep. Figure 6 is a plot of the C’s 
versus inverse absolute temperature. An average activation energy 
of 13,400 cal./mole is found. The differences between hydrostatic 
and uniaxial activation energies are probably less than the experi- 
mental error. 


B. Group II Experiments 


One hundred and four samples prepared in six batches were run to 
the strains indicated in Table II. Uniaxial samples were tested first, 
the m number calculated and then, using eq. (15), limits for confined- 
side and hydrostatic experiments were determined. The dense snows 
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TABLE ll 
Limits of Deformation and Density Change for Group II Experiments 
The average density for each batch is shown 








Deformation 
Yo AzZy AZ. Ava Ay 
Batch (g./cm.*) (in.) (in.) (cm.?) (g./em.*) 
6 0.369 240 <X 107? 160 x 107% 15.7 0.012 
5 0.451 240 x 107% 160 x 107° 15.7 0.015 
10 0.477 150 xk 107% 125 < 10-* 12.5 0.012 
s 0.503 60 x 10°° 50 x 107-3 5.0 0.006 
9 0.503 150 x 1073 125 < 10-3 13.0 0.015 
7 0.626 50 xX 10°° 33 xX 107% 3.3 0.004 











required a smaller change in density than the light snows in order to 
run the experiments over comparable times. However, for a particu- 
lar batch, all samples were run to the same final density. The strain 
rates and parameters m and r were determined at this final density. 
Results of the Group II tests are compiled in Table ITI. 


C. Stress Dependence for Group II Tests 


Stress dependence can be derived from the tests at 10, 15, and 20 
psi at initial density of 0.369 g./em.*. Uniaxial, confined-side, and 
hydrostatic data indicate a creep rate varying closely to the cube of 
the stress. The difference between this result and that obtained for 
constant time tests rests on several factors. First, reference to eq. 
(17) shows that the exponent of the stress function in the case of con- 
stant strain should be a factor of 1/r times the exponent of the func- 
tion for constant time. Second, increasing density during the course 
of Group I tests tends to reduce the strain rates for the higher stresses. 
This makes the effective value of the exponent lower than it would be 
for Group II tests involving small total deformation. Third, the lin- 
ear term in Group I stress functions would become fairly inconspicuous 
for the somewhat higher stresses used in Group II experiments. 


D. Variability 


Considerable variability exists between samples of the same dens- 
ity prepared at different times, and less, but still a large variability 
exists between samples prepared under identical conditions at the 





(The indicated errors are mean deviations. ) 


Results of Group II Tests. 


TABLE III. 
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same time. Samples produced under identical conditions may differ 
in creep rate by 20 to 30% and occasionally by 100% or more. The 
parameters r and m show similar variability. 

When snows are prepared at different times out of similar, but not 
identical snows, and aged under roughly similar, but again not identi- 
cal, conditions of time and temperature, the differences in measured 
creep parameters can be as great as a factor of 10 although the densi- 
ties are nearly equal. 

The densities of samples prepared under identical conditions vary 
several per cent but no correlation is apparent between these small 
variations and the variations in creep behavior. Apparently, the 
differences in creep are the result of differences in the aging process. 
This process is the change from a loose aggregate of angular snow par- 
ticles to a bonded aggregate of rounded particles. The rate and de- 
gree of bonding depend to a large extent on temperature variations 
which are not well controlled during the aging process. Variability 
in creep is due, therefore, to differences in the bonding structure of the 
aged snow. Since variations in creep are large for constant density, 
the dominant creep mechanism is probably intergranular rather than 
intragranular, for the former is strongly dependent on the structure 
but the latter would be structure-independent. 


O7; 
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Fig. 7. Variation of average values of time-dependent parameter r with initial 
density for Group IT tests. 
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E. Time Dependence 


Creep curves for snow show a continuously decreasing creep rate 
which can be represented, with fair accuracy, by a function of the form 
ext’. The dependence of r on density is shown in Figure 7, where the 
average values are plotted for the 6 batches of snow used in Group II 
tests. 

Consider deformation of snow at low stress to be essentially inter- 
granular. As density increases, each particle has more neighbors and 
more points of contact. For the same externally applied stress, the 
stress acting on the contact between particles decreases as the number 
of contact points per particle increases. At low densities this stress is 
large, resulting in predominantly visco-plastic flow. At higher densi- 
ties, the stress is small and elastic deformation becomes significant. A 
value of r equal to unity, as predicted for low densities by extrapola- 
tion in Figure 7, is correct for viscous flow. The value of r at high 
density approaches zero as for purely elastic behavior. Therefore, the 
observed creep-rate time dependence is mainly due to increasing den- 
sity and is not the approach to an equilibrium condition. 


F. Activation Energy 


The activation energy for creep of about 13,400 cal./mole, deter- 
mined from the Group I tests, agrees adequately with the value 
14,000 cal./mole previously reported® for uniaxial compression of 
snow between —5 and — 20°C. 

The value 16,100 cal./mole for polycrystalline ice reported by Jelli- 
nek and Brill’® is based on the purely viscous (and therefore time-in- 
dependent) component of creep. 

Glen" obtained a value of 31,800 cal./mole from the minimum 
creep rates of polycrystalline ice at —1.5, —6.7, and —12.8°C. The 
reliability of his activation energy is strongly dependent on the use of 
a single value at —12.8°C., and therefore a liberal possible error could 
be assigned to his value. 

The activation energy for snow based on creep rates at constant 
time may not be directly compared with the values based on time- 
independent creep rate values for ice. From eq. (17) the activation en- 
ergy determined at constant strain is increased by a factor of 1/r over 
the value at constant time. This would increase the observed value 
for snow near 0.4 g./cm.* density by a factor of about 2. 














190 J. K. LANDAUER 


Because of the change in density of snow during creep, no steady 
state creep occurs and the creep rate decreases continuously. In 
terms of an actual creep mechanism, sucn as described by Weert- 
man,'? the pertinent activation energy is for steady state conditions 
where the production and blocking of imperfections has reached 
equilibrium. The activation energy for snow, comparable with the 
steady state value, will lie between the constant time and constant 
strain values of 14,000 to 27,000 cal./mole. Assuming the activa- 
tion energy for creep is the same for snow as for ice, the present data 
do not settle the discrepancy between the values of Jellinek and Brill, 
and those of Glen. 


G. Relations between Creep Rates under Different Stress Conditions 


The ratios of creep rates for confined-side and hydrostatic stress 
conditions to uniaxial creep rates were determined in Group II tests. 
In Table IV, values of these ratios averaged for tests performed at the 
same stress are compared to those calculated for constant time and 
constant change in density. Observed values are seen to fall between 
the calculated ones in five cases, with the remainder scattered above 
and below these limits. 

From these results it is concluded that the present method of anal- 
ysis, although leading to some very rough agreement, is not ade- 
quate for a complete understanding of triaxial behavior of snow. 


H. Density Dependence 


Creep rate is a very strong function of density, as can be seen from 
results in Table III. No analytical represeatation of the density 
function has been attempted because of differences in aging of the 
snow from batch to batch. 

Variation of the parameter m with density is erratic as shown in Ta- 
ble IV, and does not agree well with the average curve determined by 
Bader.'* However, the values fall within his range of scatter. Dif- 
ferences in the bonding structure of the snows prevent an undistorted 
picture of the variation of m with density. 


1. Lateral Stress for Confined-Side Tests 


The lateral stress developed under confined-side conditions is much 
lower than expected. Observed ratios of vertical to lateral stress 
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vary considerably but are always greater than 20:1. Equation (4), 
based on the additive theory, predicts ratios of from approximately 
3:1 to6:1. Side friction can be eliminated as a possible cause for this 
discrepancy, for tests were run which showed that the stress reaching 
the bottom of the sample was within a few per cent of the applied 
vertical stress. 

An explanation for the low lateral stress is based on the open struc- 
ture of the snows used. The tendency for snow to expand when 
subjected to uniaxial compression is erratic, as indicated by the par- 
ameter m. This expansion can take place inwardly almost as 
easily as outwardly and a small lateral stress is sufficient to prevent 
outward expansion. 


V. CONCLUSIONS 


Deformation of snow occurs predominantly by intercrystalline 
sliding. The magnitude of the creep rate depends on the bonding 
structure between grains. Because of the relative openness of the 
snows studied, there is no difference in the mode of deformation for 
uniaxial, confined-side, or hydrostatic stress conditions. In all cases 
the applied stress ultimately becomes a shear stress acting between 
individual grains. 

The concept of combined stresses producing deformations which 
are the same as would occur for separate uniaxial stresses is not valid. 
Openness of structure allows deformation to take place under com- 
bined stresses in a somewhat different manner than for uniaxial 
stress. In particular, the tendency for uniaxial specimens to expand 
laterally when compressed is easily overcome by small lateral stresses 
which alter the directed motion to random displacements. Z-axis 
strain rates, measured at a particular density, as in Group II tests, are 
not strongly dependent on the type of stress applied. This means that 
strain rate is a function of the state of the material but does not de- 
pend on other simultaneously applied stresses. 

Further investigation must be made in order to determine the re- 
lationship between combined stress behavior in the laboratory and 
under natural conditions. The slow process of compaction occurring 
in the névé regions of glaciers may not necessarily follow the behavior 
of the faster laboratory tests. 


The author wishes to thank Mr. Warren Schlueter for carrying out the Group II 
experimental work. 
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Synopsis 

Experiments have been performed on the creep of sifted snows under uniaxial, 
hydrostatic, and confined-side compressive stresses. The dependence of creep 
rate on stress (in the range 4 to 40 psi), time (up to several thousand seconds), 
temperature (between —3.6 and —13.6°C.) and density (from 0.36 to 0.63 g./ 
cm.*) was investigated. For one group of tests, stress was applied for constant 
time increments, while for another group, stress was continued until an arbitrarily 
selected small change in density was reached. The results are discussed on the 
basis of an additive theory for combined stresses. 
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Time Dependence of Mechanical Breakdown in 
Bundles of Fibers. III. The Power Law 
Breakdown Rule 


BERNARD D. COLEMAN, Mellon Institute, Pittsburgh 13, 
Pennsylvania 


INTRODUCTION 


This paper represents an extension of previous work"? on the rela- 
tionships between the strength of a bundle and the strength of its con- 
stituent filaments. The calculations presented here are based on the 
theory of breaking kinetics." This phenomenological theory of tensile 
strength distributions differs from the classical statistical theories of 
tensile strength‘ in that it represents an attempt to account expli- 
citly for the time dependence of mechanical breakdown. 

The words fiber and filament are used interchangeably in this paper. 
They refer to a single cylindrical entity whose stress history in simple 
extension can be described by a single-valued scalar function of time. 
The term bundle, as used here, indicates a collection of filaments which 
are bearing nonseparate loads such that the stress at a particular cross- 
sectional plane of a given filament depends on the size of the collec- 
tion and (perhaps) the location of the plane. 

Consider a large collection of separated fibers, all of length 1, which 
are bearing equal loads of sufficient magnitude so that some of the 
fibers will break. We can measure the size of the applied load at 
time ¢ by means of a function, f(t), which is equal to the total load in 
dynes at time ¢ divided by the cross-sectional area before loading (t < 
0). In the theory of breaking kinetics the function f(t) is referred to 
as either “the stress at time ?” or “the loading history.” It is al- 
ways assumed that f = Ofort <0. The present theory is limited to 
noncompressive loading histories for which © > f(t) > 0 for allt. We 
denote the time at which a particular fiber breaks by ts, the number 
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that survive without breaking te the time ¢ by n(t), and the size of the 
collection at zero time by N. 

We say that the collection of fibers has been drawn from a first-order 
ensemble if we can write, in the limit of large N, the following deter- 
ministic equation,’ 


—dn/dt = n(t)l x[f()} (1) 


as representing the rate of decrease of n. Here, «x is a function only of 
f. It is independent of 1, it depends on ¢ only insofar as f depends on 
t, and for separated fibers it is independent of n and N. 

The cumulative distribution function, Q,(t,), for the lifetimes, t,, of 
separated fibers of length / drawn from a first-order ensemble can be 
obtained by integrating eq. (1): 


Quite) = 1 —n(ts)/N 
1 — exp 4-1 [worl @) 


It has been previously shown"? that eqs. (1) and (2) are compatible 
with the weakest-link hypothesis; that is, with the notion that the 
lifetime of a fiber under a given loading history, f(t), must be equal to 
the lifetime of that cross-sectional region of the fiber which has the 
shortest lifetime under f(t). It has also been pointed out that the first- 
order ensemble represents the simplest time-dependent breakdown be- 
havior'* compatible with the weakest-link hypothesis. It will be 
noticed that eq. (1) implies that the probability that a given unbroken 
fiber breaks in a time interval dt, at t, depends only on the force on the 
fiber at time ¢ and is independent of the fiber’s past loading history. 
In spite of this probable deficiency of not accounting for any “mem- 
ory” of past loadings, the theory of the first-order ensemble appears 
to furnish a reasonably good approximation to the experimentally ob- 
served’ breakdown behavior of real textile fibers. 

It is possible to write theories of mechanical breakdown which 
start with equations of greater generality than eqs. (1) and (2) and 
which are compatible with the weakest-link hypothesis.* These theo- 
ries do account for some memory of past loading histories. How- 
ever, it is the purpose of the present paper to calculate distributions 
of breaking times for bundles of filaments, and it has been found that 
the mathematical development of stochastic processes™:'! which rep- 
resent finite bundles composed of fibers which obey the more general 
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theories is fraught with serious computational difficulties. This is be- 
cause it is only in the case of first-order ensembles that the behavior of 
bundles can be represented by Markov processes”~'* for which the 
state of the system is a simple scalar quantity. We shall, therefore, 
restrict the present discussion to bundles composed of filaments 
which have been drawn from a first-order ensemble. 

The article will be further restricted to bundles composed of un- 
twisted, continuous filaments arranged into parallel arrays which are 
sufficiently loose to permit the neglect of all effects of interfiber fric- 
tion (including abrasion). In particular, we shall discuss a special 
class of twist-free, frictionless bundles, called ‘ideal bundles.”’! 

When the fibers of a first-order ensemble are tested separately 
under a constant stress, f, their average lifetime is 


>. = 
j E {ts} -{ tp = dtp = [Ux(f) | . (3) 


In vrevious work on mechanical breakdown in ideal bundles"? it 
was assumed that « is an exponential function of f: 


K[f()) = ae” (4) 


Here, a and 8 are constants which define the fiber ensemble under con- 
sideration. Equation (4) might be called the exponential breakdown 
rule. This particular form was chosen for « because existing experi- 
mental evidence indicates'*~—"’ that for a large class of polymeric fibers 
(including cottons, rayons, drawn polyesters, and drawn nylons), 
E {ts} in eq. (3) can be well represented by an exponential function 
of f over a range of several decades in E{t,}. It turned out, however, 
that for the exponential breakdown rule of eq. (4) the calculation of 
the lifetime distributions for ideal bundles containing a finite number 
of filaments was possible only for the special case of constant total 
load.! The systems of differential equations which describe finite 
ideal bundles under time-dependent total loads (e.g., loads propor- 
tional to time and oscillating periodic loads) could not be integrated. 
The calculation of the lifetimes of infinite ideal bundles composed of 
filaments obeying eq. (4) was, in general, also difficult when the total 
load varied with time, and it was found to be necessary to use numeri- 
cal integration procedures even in the simple case in which the total 
load was proportional to time.” 
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In this paper we shall investigate the behavior of bundles com- 
posed of filaments which obey a power law breakdown rule when tested 
separately : 


Kf] = ¢ FOV (5) 


where c and p are positive constants. In general, we expect to have 
p>. From eq. (3), we see that the assumption of eq. (5) implies a 
linear relationship between log E {ts} and log f in lifetime-under-dead- 
load measurements on separated fibers: 


log E {ts} = —log (cl) — p log f (6) 


Equation (6) furnishes a satisfactory approximation to the dead-load 
behavior of real systems over limited ranges in £ {tp}. The main 
justification, however, for studying in detail the behavior of bundles 
whose constituent filaments obey the power law breakdown rule is that 
the functional form assumed in eq. (5) is such as to permit the inte- 
gration, even for time-dependent loads, of the differential equations 
which describe both finite and infinite ideal bundles. For systems 
which obey eq. (5) we can do the mathematics required for the calcu- 
lation of the loss in mean strength and decrease of the variance in 
strength that occur when filaments are plied up into bundles. 


THE IDEAL BUNDLE 
Definitions 


The concept of an ideal bundle was introduced in Ref. 1 and defined 
as a parallel array of filaments of equal length for which the stress dis- 
tribution has the following properties: (a) all unbroken filaments 
support equal loads, (b) broken filaments support no load, and (c) 
all transverse sections of a given filament bear equal stresses. 

We shall here consider the behavior of an ideal bundle in a testing 
apparatus which controls the total load, F (in dynes), on the bundle, 
so that F(t) is a known function of time. 

Let N be the size of the bundle at ¢ = 0, and let n(¢) be the number 
of filaments which survive to ¢t without breaking. The lifetime, ts, of 
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the bundle is defined to be the time required for n(t) to reach zero.* 
The cross-sectional area of the pundle before loading (but not includ- 
ing the space between filaments) is taken to be A. 

We write 


f® = F()/A (7) 


and thus, for a bundle, ) , 15 the stress in dynes em.~* which would be 
attributed to each component filament if one did not account for the 
chance that n(t)< N. The actual stress (in dynes per unit of initial 
cross-sectional area) in each filament at time tis f(t)N/n(t). If F(t) is 
a monotonic-increasing function of time, then we can define a tensile 
strength, f*, for the bundle, as follows: 


f*=f(ts) = lim “Fi(t)/A (8) 
n(t)—> 0 
Equation (8) is the customary operational definition of tensile 
strength, or tenacity, as measured in apparatus which control the ap- 
plied load, such as constant-rate-of-loading machines. 
We say that an ideal bundle is in the state &y.,, at time ¢ if it contains 
n unbroken filaments at that time and was originally of size N. We 
note that the bundle can undergo transitions of the type 


En.w > En,wii > En.w-2 >... Ew > Ey 0 (9a) 


When it is known that an ideal bundle is in the state &y,, at a particu- 
lar moment, the probability of &y,,—> &y,,.-1 occurring in dt is given 
bey? 


Aw.n(t)dt + o(dt) (9b) 


where 


Aw a(t) = nl «[f(ON/n} (9c) 


The probability of transitions of the form &y,, — &y..—), j > 1, in- 
volves terms of higher order in di. Equations (9) are valid if, and 


* If the bundle were to be placed in apparatus which controls the elongation, 
such as an Instron tester, then F(t) would be a random variable. If, in addition, 
the elongation were controlled to be a monotonic-increasing function of time, F(¢) 
could pass through a maximum. In such a case it would be quite reasonable to 
let tg be the time at which F(t) reaches its greatest value and to define the tensile 
strength of the bundle as F(t,)/A. 
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only if, the filaments in the bundle have been randomly drawn from a 
first-order ensemble. 

The probability that a bundle which is known to be in the state 
&y,w at zero time is found in a state &y,, at time ¢t will be denoted by 
Py,»(t). Equations (9) define a stochastic process which obeys the 
following system of differential equations: 


Py 
: a —dw.w(t)Pww(t) 
Pyw.w—-ilt 
° > (0) = —dAy.w-i()Pwiw —1(t) + Aw.w(D Pwd) 
(10) 
OP y.,(t 
= ( —dwn(t)Pw.n(b) + Aw ngt(O) Pw nsi(l) 
OP y olt 
val) = dwval)Pwalt) 
subject to the conditions that 
0S Py.a(t) <1 (lla) 
Py,w(O0) = 1 (11b) 
Py,,(0) = 0 forn # N (11e) 


Small Ideal Bundles 


When F, and thus f, are constant in time, Ay,, is independent of 
t. In this case, we say that the stochastic process is time-homogene- 
ous, and we can easily integrate eqs. (10) to obtain, for N > n > 1: 


Py a(t) = Awa > On .n.j Aw.y OXP {—Aw,st} (12a) 
i=N 
where 
On .n,j -nG _ Aw yw)" (12b) 
int j 


When the total load depends on time, we have a nonhomogeneous 
process, and we cannot write an explicit expression for Py,,(é) un- 
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less the functional form of Ay,,(t) is specified. We note, however, that 
if we use eq. (5), we can factor Ay,,,(¢) into two parts: 


Aw n(t) = Gt) By.n (13a) 
one of which, 

Q(t) = le [f())’ (13b) 
depends only on time; the other depends only on n and N: 

By,, = n(N/n)’ (13e) 


When this is the case, the stochastic process can be made homogeneous 
by a simple change of the time scale*-'* from ¢ to @(t): 


é 


a= f Q(r)dr (14) 


It is clear that the assumption that @ > f(t) > 0 implies that @ isa 
continuous, monotonic-increasing function of ¢t. Therefore, the in- 
verse function, ¢(@), is single-valued and monotonic-increasing; and 
further, finite ¢ implies finite 6. One usually is concerned with load- 
ing histories that are sustained long enough to make @(@) = ©. For 
such loading histories finite @ implies finite ¢. 

If we now put 


Qn n(O) = Pyn(l) (15) 
then we find that in place of eqs. (10) we have 

2 Ow 

. oes = — By wQv.w 

0 Qn .n . 
ee e. —Be Nea + Baws Rens (16) 
06 

re) 

oes = BysQwva 


with boundary conditions determined by the relations Qy,,(0) = 
Py,»(0) and eqs. (11). Since the coefficient of Qy,, in eq. (16) is in- 
dependent of @, the solution of eq. (16) is given by eqs. (12) with 
Py», \w,j and t replaced, respectively, by Qy.., By,,; and @: 
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Pyn(t) = Qv.n(®) = Bum ¥ own.nsBw.j exp {—By., 0} (17a) 
j=N 
n t 
= dAw.n' p On .n.jAw,j OXP ‘ = f hy slr)dr f 
j=N 0 
(17b) 
oy nj = nm (1 - By. By) “ (17¢) 
ing 
= —_ : =i 
A. dw s/ Awd) (17d) 


ij 
The probability, py,,(t) dt, that the transition &y,,—> &y,, —1 occurs 
in a small time interval at ¢ is simply Aw ,.»(t) Pw .»(t) dt: 


" { t 

Pw n(t)dt = >) On .n.drw s(t) Exp , — f Av slr bart dt (18) 
j=N 0 

The probability density function for the lifetime of the bundle is 

Pwa(ts). The cumulative distribution function for t, is 


‘B 
Pyolts) = f Pw a(t)dt (19a) 
0 


1 1 tB 
= 1— Yow, exp } - f dar s(bat (19b) 
j=N 0 


When N = 1, eq. (19b) reduces to eq. (2) for single filaments. 

In the special case p = 1, all the A,,, are identical and the ¢@y,,,; are 
all infinite in magnitude (although some are positive and some nega- 
tive). This yields a pathological situation in which eqs. (17) and 
(19b) are indeterminate, and suggests that for p = 1 it is advisable to 
re-examine the original differential equation and seek a special solu- 
tion. If this is done, we find that when p = 1 our stochastic process is 
homogeneous in both @ and n, and possesses a modified Poisson dis- 
tribution” for Py ,,(t),N >n> 1: 


— NOt) N-1« 
Py »(t) _ e [N0(t) ] 





(N — n)! 


We shall not go into this special case any further, because in physical 
applications of the theory we expect to have p > 1, not p = 1. 
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We note that according to eq. (19b) a necessary and sufficient con- 
dition to have, for finite N, 


Pyo(@) = | (20a) 
is that 
t 
lim f Aw.n(t)dr = @ (20b) 
t-> @ 0 
or 6(@) = ow, In other words, if the loading history is such that 


6(@) = o, it is “almost certain’’ that the last fiber in the bundle will 
break if we wait long enough. If @(@) < @, there is a positive prob- 
ability, 1 — Py (@), that the bundle will never break down com- 
pletely. 

Let Ey,» {t”} be the mth moment of the distribution of times of 
occurrence of the transition &y..— &wv..—1: 


Ey .n{t”} -{ t™ py n(t)dt (21) 
0 


The average lifetime of the bundle, E {t,}, is the same as Ey ,{t}. The 
direct computation of momerts by means of eq. (21) is possible but 
usually leads to expressions which rapidly increase in complexity with 
increasing N. For example, if we consider the behavior of an ideal 
bundle in a constant-rate-of-loading apparatus, so that F(t) is pro- 
portional to time: 


f(t) = at (22a) 
f* = ats (22b) 


then eqs. (13), (18), and (21) yield 


m/(p+1) n 
Ey..{t"} = Fed r(1 ie. ) YS dynd™ (23a) 








le a?N* p + 1) 5h 
where T denotes the gamma function, and 
aa t- (23b) 
p+il1 


It is quite clear that eqs. (23) are useful only for small VN. When N = 
1, eqs. (23) give the following expression for the average tenacity, 
E, {f*}, of separated filaments: 
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1/(p+1) 
E,\f*} = E\ats} = aE, {t} = k +1) =| r(1 + l ) 


le p+ 
(24) 
The average tenacity, E{f*} , of a bundle of two filaments is 
E,{f*} = ak, ,{t} 
1/(e+1) 
<i k + all r(1 4 l ) 
le 2? p+i1 
js 2 | = 
Xy-e tire 


The Semi-Invariants for @, 


Let At, be the time the bundle spends in the state &y,,. Regardless 
of the time-dependence of the total load, the probability density func- 
tion for At, is 


J t+ Al, 1 ’ 
q(At,)d(At,) = exp } -f Aw.n(r)dr frw.nll + At,) d(At,) (26) 


The value of ¢ at the moment that &y., + 1— &y., occurs (i.e., the time 
required to reach the state &y,,.) is simply the sum of the time spent in 
all states between &y,y and &y.,: 

n+l 


t= > At, (27) 
j=N 
This is the value of t to be used in eq. (26). 
When the total load is constant, dry, is constant and the N quanti- 
ties At, constitute a set of independent random variables, each with 
its own probability density function: 


q(At,)d(At,) = exp {—(Atn)Aw.n} Aw.nd(At,) (28) 


Equation (28) is the well-known Laplace (or exponential) distribu- 
tion,” which frequently occurs in the theory of time-homogeneous 
stochastic processes. It possesses a moment generating function, 
G,,(s), given by: 


G,(s) 


So” exp | sAt, } q(At,)d( At) (29a) 
(1 — 8/Aw.n)~ (29b) 
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Here, s is a pure imaginary number. The mth semi-invariant,''” 
In| At, }, of the distribution of At, is defined as follows 


” log Ga(s) | (30) 


Tnm{ Atn} = . 
ds” ls=0 
The first semi-invariant, z,,, is the average value, E { At, } , of At,. The 
second, 2,2, is the variance, o*{ At,}, for At,. The third, z,,s, is the 
third central moment, u*{ At, }. 
For the time-homogeneous stochastic process of eqs. (28) and (29), 
we have 


log G,(s) = >> m-'s™\y™ (31a) 
m=t1 


so that 
Inm = (m — 1)! Ana (31b) 


The semi-invariants of independent random variables are additive.” 


It follows that the semi-invariants, Xy,...{t}, of the time occurrence 
of the transition &y ..—> &v.. —1 are, when F is constant, 


Xvemit} = De Timi At} = (m—1)! D Anz (82a) 


j=@N 


For example: 


Eval} = % E{ay} = > Aw (32b) 
j=N j=N 

ovnit} = > o*{ At,} = xz Ay (32c) 

ealt} = Do utfay) = 2D ax (32d) 


When F varies with time, eqs. (28), (29b), (31), and (32) no longer 
hold. Our stochastic process is always homogeneous, however, on the 
time scale 6(t). Thus, if we let A@, be the change in 6 while the bundle 
stays in the state &y.., we can immediately write, for any f(t), the 
following expression for the semi-invariants of the distribution of the 
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total value* of @ at the moment that &y,, — &y,,—1 occurs: 


x, jm | M05} 
‘* — 1)! > Buy = (m— 1)! > j~™(j/N)™ 
j=N j=N 
(33) 


Equation (33) is identical to eq. (32a) except that @ is substituted for ¢ 
and By; for Aw). 

According to eq. (33), the distribution of the value of @ at the 
moment the last fiber breaks [i.e., the lifetime, @,, of the bundle on the 
time-scale 6(1) | possesses the semi-invariants, X y 1m: 


Il 


Xw nm (fb) } 


Xw.1m{0} = (m — 1)! > n~™(n/N)*™ (34a) 
n=N 


In particular, the first three semi-invariants of the lifetime, @z, 
on the time-scale 6(t) are: 


1 


E {6s} = Xwaalo} = De n-\n/N)? (34b) 

o*| Op} = Xy12{0} = > n-*(n/N)*” (34c) 
n=N 

u* {0s} = Xvas{0} = 2 > n-*(n/N)* (34d) 
n=N 


If one is interested in the behavior of small bundles with p >> 1, it 
is convenient to write eqs. (34a) and (34b) in the following form: 











Xwam{0} = ak + > (S =e “ “| (34a)’ 
E{6s} = 1 + (4 y] (34b)’ 


Thus, if p— © with N and m kept finite, Xw.m{0} —+N~™: it follows 
that E{@,} is inversely proportional to N for small N and p >> 1. 


* We use the symbol z,..., with two subscripts, for the mth semi-invariant (or 
cumulant) of random variables such as Af, and Aé, which involve only one transi- 
tion, Ev.. — Ey... We use the symbol Xy,,., with three subscripts, for the 
mth semi-invariant of random variables such as ¢ and 6, which involve several 
transitions, i.e., all the transitions between &y.w and &y..—s. 
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Infinite Ideal Bundles 


To evaluate the sums in eqs. (34) for the limit of large N, we make 
the substitution y = n/N and note that Ay = 1/N when n increases by 
1. Equation (34a) yields the Riemann integral: 


1 
lim Xy,1m{0}— (m — 1)!N7~™*! f yn * dy = 


N-o@ 
_ ! 
- S . — Jd. (35a) 
N™~ "(mp — m + 1) 
and, in particular: 
lim E{@,} — p=! (35b) 
N-o@ 
lim o*{@,} ~ N-(2p — 1)- (35c) 
N-o@ 
lim y*{6,} + 2N-*(3p — 2)- (35d) 
N-o@ 


From eqs. (35) it is clear that for p > 0, E{@s} is always finite. Suf- 
ficient conditions to haye o* {0} and u*{ 6s} finite for all N are to have, 
respectively, p > '/, and p > ?/;. If p > 1, all the Xwam{On} with 
o >m > |are finite and go to zeroas N > ~. 

There is a famous theorem in probability theory which states the 
following: If 71, y2, .. ., Yn, ... be mutually independent random vari- 
ables, then the probability of convergence of the series 

>» ” 


is either zero or one. In particular, this probability equals one when 
both the series 

Dd Elva} and => o*{yn} 

n=l n=1 
converge. It follows from this powerful theorem that whenever p > 
'/», Og is, with probability one, finite, for all bundle sizes—finite or in- 
finite. 

All experimental evidence indicates that for single filaments me- 
chanical breakdown is ‘“‘autocatalytic”’ in the sense that the increase 
in the rate of breakdown [as measured, say, by (E{ts})~'] with an 
increase in stress is always greater than that predicted by a linear 
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relationship between rate of breakdown and stress. This means that 
we can expect to find p > 1; and thus both @, and ty will be finite 
whenever 6(@) = ©, regardless of NV. 

We note that according to eqs. (34) the semi-invariants of 6, for sep- 
arate filaments (V = 1) are 


E{@,} = 1 (36a) 
o*{6,} = 1 (36b) 
u*{On} = 2 (36e) 
Xism{Os} = (m— 1)! (36d) 


On the time scale @, the average lifetime of an infinite ideal bundle is 
p~' times the average lifetime of its component filaments. A detailed 
examination of the sum in eq. (34b) indicates that for p > 1, E{@,} de- 
creases monotonically toward the limiting value shown in eq. (35b). 
For p = 1, E{ 6s} is independent of bundle size. For p< 1,E {és} in- 
creases monotonically with increasing bundle size. 

It is clear from eqs. (35) that, for p > */;, as N approaches infinity 
the distribution of @, becomes perfectly sharp with the coefficient 
of variation, o{@,}/E{@s}, and the coefficient of skewness, 
u*{@s}/o*{6s}, both decreasing as N-"”*. 

We wish to apply the central limit theorem to @,. Todo this, we 
define a new random variable T'3 = N6z which is the sum of a set of 
independent random variables, AT7’,, defined as AT, = NA@,. We 
note that for all N, finite or infinite, the mean value of AT,, E{ AT,} = 
NE{ A0,}, and the variance for AT, o?{ AT,,} = N%o*{ A0,}, are finite 
and positive. Further 


1 
lim o7{7s} =lim > o{AT,} > @ 
N 


N-to@ N-o n=! 


which is a necessary condition for the application of the central limit 
theorem. We now examine the third absolute central moment for 
AT’: 


C.s= E{|aT, — E{AT,}|*} 


The variables AT’, are always positive. Therefore, 


Cus < E{(AT, + E{AT,})*} 


: 
: 
: 
‘ 
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Cas < E{(AT,)*} + 3E{(AT,)*} E{AT,} + 
3([E{(AT,)}]* E{ AT} + [E{AT,}]* 
Cas < E{(AT,)*} + 3E{AT,} E{AT,?} + 4[E£{AT,}}* 
The following relations between the moments of a distribution and the 
first three semi-invariants are completely general” and follow from 
the definition of the semi-invariants: 
E{ AT,} = 22,{ AT, } 
E{(47T,)?} = 2n,2{ 47} + 2%,,{ AT,} 
E} (47 .)*} = 2a,2{ ATs} + 320,:{ AT'n} 20,2} OT} + 25,,{A7;} 
Our last inequality for C,,; may therefore be written as follows 
Cas < Zn.3} AT,} + 62n,1} AT} xn,2{ AT} + 82>. 1} AT;} 
If we now note that z,,;{A7,} = NByx1, n,2} AT,} = N°By’,, and 


tna) AT} = 2N*By*,, we finally obtain a simple upper bound for 
Cn.s! 


Cua < 1GN*By%, = 8 N*x,s{ A0,} 
It follows that 
1 


1 
D> Cas 8N? D> an.2{ d0,} 


n=N n=N 

- ane € Ed 

o*{ T's} N*o*{ 65} 
and thus, for p > */;, eqs. (35c) and (35d) yield 


8u*{ On} 


o*{ Op} 


lim *~*_ = Q(N-"") + 0 

N-?@ o*} Ts} 
According to Liapounoff’s form of the central limit theorem,” this 
means that, for p > ?/;, in the limit as N approaches infinity the dis- 
tribution of 7’, is asymptotically normal. It follows that for p > */;, 
as N — o, the variable 6, becomes asymptotically normal with its 
mean equal to p~' and its variance equal to N-'(2p — 1)-". Thus 
we have solved the problem of calculating the distribution of t, for 
large N. In the limit as N ~ -, eqs. (19) become 
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lim Pyo(ts) = lim Qvol0(ts)] = #1» — e)WN(2p — 1)] 
se ily at a (37a) 


where ® is the error integral: 


l ¥ 
d(y) = Van f exp | —2?/2}dz (37b) 
TT —@ 


The probability density function for tg becomes 


lim pya(ts)dts = 


N-o@ 


IN(2p — 1) N te . ave 
VN22= exp {- (te f* ovat — -*) @e - 1) 


2r 


X le [f(ts) "dtp (38) 


According to eq. (35b), when N = © the expected value of t, is 
the real, positive root of 


p-' = ts) = lef” [f(t) ’dt (39) 


and according to eq. (35c), the fluctuations from this value of tg are 
negligible for N = ~ ifp>'/,. It will be noticed that eq. (39) can be 
obtained from the solution of the deterministic equation 


— dn/dt = [f()N/n/’ le (40) 


subject to the conditions n(0) = N,n(ts) = 0. The almost intuitive 
fact that eq. (40) is valid for large N may be derived by replacing j/N 
by y in eq. (33) to obtain the Riemann integral 


1 
lim Xw.n.m{6(t)} = e~ 2 f y™~ "dy (41a) 
N--@ N™ n/N 
(m — 1)! 


[1 — (n/N)™~**"} 





n™! (mp — m + 1) 


(41b) 
If we put m = 1 and m = 2 in eq. (41b) we obtain 
lim Ey,.{0(t)} = p— [1 — (n/N)*] (42a) 
N-o@ 


lim o'y,,{0(t)} = N-“(2p — 1)—"[1 — (n/N)*7"] — (42b) 
N-o@ 
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Differentiation with respect to ¢ of eq. (42a) yields eq. (40). Equa- 
tion (42b) makes it clear that when p > '/2, and N = o, there are no 
fluctuations from eq. (40). 

We shall now use eq. (39) for explicit calculations of the lifetime of 
infinite ideal bundles under various loading histories, f(t), that can 
occur in practical applications. We shall then compare the resulting 
expressions for tg with calculated values of the average lifetime, E} te}, 
which the component filaments would exhibit if the filaments were 
tested separately under the same f(t). 

When f is a constant, eq. (39) yields 


tes = p—(Ief’)— (43) 
According to eq. (3), if the filaments were tested individually, under 
the same load, f (in dynes cm.~*), the average lifetime would be 

E{ts} = (lcf*)— (44) 


conhrming the result that for p > 1, a bundle is weaker than its com- 
ponents. 

When f(¢) is a periodic function of time, with a frequency, v, high 
enough so that vtg > 1, eq. (39) may be written 


p-' = Ie( f? dav ta + O(1/r) (45) 


where (f’),y denotes the average value of f? averaged over one cycle in 
time: 


(Pay = » f " f( Pat (46) 


Thus, for high frequencies, the lifetime of an infinite ideal bundle 
under a periodic loading history is 


lim tg = p~‘(le (fav) (47) 
vip> 1 


The average lifetime of the individual filaments under the same re- 
riodic f(t) may be calculated from eq. (2). The following result is 
obtained : 


lim E{ts} = (le (f)av)— (48) 
vig>1 











te 
—_ 
to 
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For a particular example of a periodic load we may consider a se- 
quence of saw-tooth pulses of maximum amplitude, g (in dynes 
cm.~*), which are repeated at intervals, 1/v: 
(9, t<1/v 

0, t = 1/» (49) 
Vy —1/v), t>1/» 


When eq. (49) is substituted into eqs. (46) and (47), the following ex- 
pression is obtained for the lifetime of an infinite ideal bundle: 


ts = (p + 1) (p leg’) (50) 


The average lifetime of the component filaments tested separately un- 
der the same stress is 


E\ts} = (p + 1) (leg’)— 


For both static loads, and periodic loads of high frequency, ts for 
the infinite bundle differs from E}t,} for separate filaments only in 
the presence of the factor p~'. This observation is really a direct 
consequence of the remark made under eqs. (36) and the fact that for 
such loading histories @(¢) is proportional tot. [See eq. (14).] 

When @(¢) is not proportional to ¢t, the relation between tg for a bun- 
dle and E}ts} for the component filaments is more complicated. 
Consider, for example, the breaking of an infinite ideal bundle in a 
constant-rate-of-loading apparatus which produces the loading history 
described by eqs. (22). In this case, eq. (39) yields 


1/(1+p) 
Pima (se +0) (52) 
op 


f® = 


When eq. (52) is compared with eq. (24) we see that for p > 2, the ten- 
acity, f., of the infinite bundle is less than the average tenacity, 
E,{f*}, of its component filaments. But when p = 1, f. is greater 
than E,{f*}, because then Ejf*} = Tra + 0.5)f. ™ 0.886f2. 
Thus, there exists a critical value of p between 1 and 2 which must be 
exceeded to have f. < E,{f*}. This strange result is due to the lack 
of proportionality between 6, and ts. The “natural’’ measure of 
strength, E{ @s} , always decreases with increasing N when p > 1 and is 
always invariant to changes in N when p = 1. It does not follow 
that the same is true for E{ts} or E{f*}, even though the functions 
t(@) and @(t) are monotonic and single-valued for each f(t). It does 
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appear to be generally true, however, that for each loading history, 
f(t), there exists a critical value of p, say p,, such that if 
p > pe, then E} ty} is a monotonic-decreasing function of VN. When 
f is constant, p, = 1; whenf = at, p, lies between 1 and 2. 


Intermediate Values of N 


For the rest of our discussion of the distribution of lifetimes for ideal 
bundles of size N it will be convenient to talk in terms of a new ran- 
dom variable, yy(ts), defined as follows: 


On — E} 65} 
So Ss 33 
yw(ta) ol 6,h (53a) 
1 1 
— 2=N ) (53b) 


-—e /s 
| > B33 
n=N 


In mathematical statistics,” yy is called the “‘standardized sum’”’ of 
the independent random variables, A@,. This standardized sum of the 
4, is simply related to the true sum, 6,, but is so defined that for all 
N it has a mean value equal to zero and a variance equal to unity. 
It is clear that 
Jim yw = @O» — 9~")WN(2p — 1) (54) 

Let Yw(yv) be the cumulative distribution function for yy: 
Yw(yw) = Qv.o(6s) = Py,o(ts). 

Equations (37) and (38) give expressions for the distribution of ts 
that are valid for very large N. According to some results of 
Cramér,?! eq. (37) may be regarded as the first term in an asymptotic 
expansion of Yy(yy) in powers of N~*”: 


tim Yylyw(ts)] = [yw(te)) + O(N~"”) (55) 


The error involved in using eqs. (37) and (38) is of the order N~“”. 
This error may be too large when one is dealing with bundles that 
contain, say, 20 to 200 filaments. For such bundles, N is already 
rather large for arithmetical evaluation of the complicated, yet exact, 
expressions in eqs. (18) and (19). On the other hand, bundles of such 
a size frequently occur in textile technology. 
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This practical problem may be overcome by using a series intro- 
duced by Edgeworth”? which permits the expansion of the distribu- 
tion function for a standardized sum in terms of the derivatives, 6”, 
of the error integral, 


Oo” &(y) 


o™ ian 
(y) Dy 


(56) 


and a set of quantities, y,, vy, Which, in the present problem, are sim- 
ply related to the semi-invariants for 6,: 





Xw.m.} Os} 
nNOS 57 
Y 2"| 60) (57a) 
1 
(m — 1)! , 2 n~™(n/N)™ 
22 (57b) 


= 1 , m/2 
| > n(n, ny] 
n=N 

Cramér*' has presented sufficient conditions for the use of Edge- 
worth’s series as an asymptotic expansion in powers of N~'* of the 
distribution of a standardized sum of N independent random variables 
drawn from different populations. His results are general enough to 
apply directly to our standardized sum, yy, of the independent random 
variables, Aé,, and to permit us to say that for p > 1 Edgeworth’s 
series can be carried out to any desired power of N~'*. The asymp- 
totic evaluation of Yy(yy) to within terms of order N~”* is 


Y [yw(ts)] = O(yw) — Ei (yw) ] + 


YN aca 10 ¥5,n (6) ma 
| (yy) + OFX Ge (yy) 


35 Yaw Yaw @ 
~ eae ©? (yw) + 





| (yy) + 
0: 
280 ¥3. 


TE gio (yy) | + OW) (58) 


The term in the first square bracket is O(N~'); the terms in the 
second and third square brackets are, respectively, O(N-') and 
O(N~*"). Tt is not claimed that the series of eq. (58) converges for 
fixed, finite NV, but merely that it represents an asymptotic expansion 
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of Yy(yw) = Py.o(ts) for large N. The following expression which 
is obtained from eqs. (35) and (57a) should be of use in evaluating eq. 
(58) for N > 100: 
(m — 1)'(2p — 1)" ' 
im tae © oe . Sed ma (59) 
N— © nN“ (mp — m + 1) 
However, for each particular set of values of N, m, and p, one should 
carefully investigate the error involved in approximating eq. (57b) 
by eq. (59). 


SUMMARY AND CONCLUSIONS 


We have investigated the breakdown behavior of ideal bundles 
composed of filaments which obey eqs. (1) and (5) when tested sepa- 
rately. By a change of the time scale from the true time, ¢, to an arti- 
ficial time, 6(¢) [see eqs. (14) and (13b)], it was possible to formulate 
the behavior of such an ideal bundle as a time-homogeneous stochastic 
process, '*"8 even when the total load depends on time. One conclu- 
sion that immediately followed from this observation is that the quan- 
tity, 0s, defined as 0g = @(tz), furnishes a convenient measure of the 
strength of the bundle. Becasue 6, is the sum of a set of independent 
random variables, A@,, it could be shown by use of the central limit 
theorem that, subject to very general conditions, in the limit as N 
approaches infinity, 6, is distributed according to a normal (Gaus- 
sian) distribution [see eqs. (37) and (38)]. It was shown that for 
large, but far from infinite, N it is possible to develop an asymptotic 
expansion for the distribution of @, as a power series in N~'”* [see eqs. 
(53), (56), (57), and (58) ). 

It was also pointed out that for each given f(t) the average strength, 
as measured by E{6,}, decreases with increasing N whenever p > 1, 
and actual fibers are expected to have p > 1. When @ is proportional 
to t, as in the case of dead loads or periodic loads of high frequency, 
the average true lifetime, E{ ts}, for a given f(t) increases, decreases, 
or remains constant with increasing N depending, respectively, on 
whether p is greater than, less than, or equal to unity. 

The rate of breakdown of very large bundles is described, in the 
limit N -> ~, by eq. (40) which is a deterministic equation (that is, it 
ignores any possibility of fluctuations) analogous to the equations of 
chemical kinetics. Equation (42a) is the solution of eq. (40). A 
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measure of the fluctuations from this solution for large, yet finite, N 
was presented in eq. (42b). 

It is possible to criticize all of the calculations of this paper for their 
reliance on eq. (5) which is used to furnish a definite functional form for 
«({N /n) in eq. (9c). It was pointed out that eq. (5), which implies eq. 
(6), was chosen mainly for mathematical convenience. It is suspected 
that eq. (6) can be accurate only for limited ranges of E{ ts} and f; 
yet, for large values of N the argument of « in eq. (9c) changes over a 
wide range, even for constant f, as n gets close to unity. This is not 
really a serious matter, however, for a practical bundle with p > 1, be- 
cause when N is large and p > 1 the bundle does not spend much time 
in those states &y,,, > 1, for which n < N. In other words, when 
n < N, and p > 1, At, makes a very small relative contribution to t,. 
Most of the time required for complete breakdown is spent in those 
states for which n is close to N, and the transition probabilities for 
departure from such states are accurately described by eqs. (5) and 
(9c) whenever eq. (6) has been experimentally verified over a small 
range in f. 

There does exist, however, a serious limitation on the present calcu- 
lations which must be clearly emphasized. In comparisons of the 
predictions of the present calculations with experiment it will be very 
important to first make sure that one is dealing with bundles that 
obey items (a), (b), and (c) of the definition of an ideal bundle given 
on page 198. 


Relation of This Work to the Classical Theory of Daniels 


An elegant theory of the relations between the strength of bundles 
and the strength of their component filaments has been developed by 
Daniels.* Daniels makes assumptions in his work which are in effect 
almost equivalent to items (a), (b), and (c) of page 198 of the present 
paper, and his theory is also restricted to low-friction, low-twist bun- 
dies for which all the constituent filaments have stress-strain curves of 
the same shape. He considers the behavior of bundles which have 
been placed in an apparatus which controls elongation rather than 
total load, so that his criterion for failure is that given in the footnote 
on page 199, rather than our failure criterion of n(tg) = 0. 

The principal difference between Daniels’ theory and the present 
one is that he is concerned with bundles whose tensile strength is in- 
dependent of the speed of measurement (i.e., independent of the rate- 
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of-loading for f = at, or the time allowed for failure when f is a con- 
stant), whereas in the present work we have accounted for the de- 
pendence of strength on speed of measurement but have assumed that 
our fibers have been sampled from a first-order ensemble. We have 
also assumed a very definite functional form for the dependence of the 
strength of isolated filaments on time allowed for failure, namely, that 
shown in eq. (6). 

Since Daniels’ theory does not make any mention of the time de- 
pendence of the elongation of the bundle, aside from assuming that 
it is monotonic-increasing in time, his theory implicitly assumes (a) 
that the strength of the constituent filaments is independent of load- 
ing history, and (b) that the stress-strain curves of the filaments are 
independent of rate of stretching. It is also implicitly assumed in his 
work that (c) a fiber breaks instantly when its critical strength is ex- 
ceeded. Now, for fibers which obey these three assumptions, the 
strength of a bundle has the same value if one controls the elongation 
to be monctonic in time and takes the maximum in F(t) as the point 
of failure or if one controls F(t) to be monotonic and takes the time of 
occurrence of &y,; —> &y,9 as the point of failure. Of course, such an 
equivalence of the two failure criteria does not apply to the sys- 
tems discussed in the present paper. 

Daniels’ theory should be applicable to bundles made of fibers, such 
as steel wires, whose strength properties are not very sensitive to rate 
of testing. The present theory should be applicable to textile yarns 
such as those made of rayon, drawn nylon, and drawn polyester 
fibers. 
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Synopsis 


The problem of calewating relationships between the strength of a bundle and 
the strength of its constituent filaments is discussed. Detailed calculations are 
done for the case in which the filaments are drawn from a first-order ensemble with 
the special property that the average lifetime of the filaments, when tested sepa- 
rately under static loads, varies as a power of the applied stress. For this special 
case it is possible to derive some general] results which are valid whatever the time 
dependence of the total load. The distribution functions for the lifetime of ideal 
bundles are calculated for both small and large bundles subjected to arbitrary 
loading histories. The conditions under which the strength of a bundle decreases 
with increasing number of filaments are examined. 











TRANSACTIONS OF THE SOCIETY OF RHEOLOGY __ II, 219-238 (1958) 


The Tensile Strength of GR-S Elastomers 


LAWRENCE M. EPSTEIN* and ROBERT P. SMITH,+ Mellon 
Institute, Pittsburgh 13, Pennsylvania 


I. INTRODUCTION 


Recently various attempts have been made to develop a theory of 
tensile strength for amorphous polymeric materials.'~* Taylor! 
observed the dependence of tensile strength upon the degree of cross- 
linking using GR-S crosslinked with decamethylene bismethylazo- 
dicarboxylate, hereafter abbreviated (10-1). He proposed that the 
tensile strength of a noncrystallizable elastomer was proportional to 
the concentration of active chains and to an orientation factor cal- 
culated from the observed length at break. He obtained good agree- 
ment between theory and experiment, especially in the region of low 
degrees of crosslinking where a sharp maximum in tensile strength was 
observed. This work was undertaken to test Taylor’s theory over a 
wider range of conditions including swelling and rate of extension. 

Taylor suggested that, instead of relying completely upon the per 
cent (10-1) as a measure of crosslinking, we determine the network 
activity (i.e., the number of stress bearing chains per unit volume) 
by independent methods as well. This was done by static modulus 
measurements and by swelling ratio in benzene. 


Il. MATERIALS AND THEIR STATIC PROPERTIES 


Experimental Procedures 


The polymer used was a commercially produced GR-S 1006. The 
number-average molecular weight, M,, for rubber of this type is 


* Present address: Westinghouse Electric Corp., Materials Engineering De- 
partment, Engineering Center, East Pittsburgh, Pennsylvania. 

t Present address: Operations Evaluation Group, Navy Department, Wash- 
ington, D. C. 
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ordinarily about 70,000 according to information supplied by R. 
Pearson of the Goodyear Tire and Rubber Co. The raw material 
was dissolved in benzene, filtered, and precipitated with methanol to 
remove gel, dirt, and very low molecular weight material including 
the anti-oxidant (Wingstay). After this treatment the viscosity- 
average molecular weight, M,, was 350,000. (We are indebted to 
Miss Dorothy Pollock for this measurement.) The precipitated 
polymer was mixed with about 1% of phenyl-3-naphthylamine 
(PBNA), dried in vacuum, and stored on dry ice. 

Portions of polymer containing varying amounts of decamethylene- 
bismethylazodicarboxylate, called (10-1), were dissc!ved in benzene, 
cast onto glass plates with glass walls, dried, and cured for 2 hours at 
60-70°C. In the case of low percentages of (10-1) there was a great 
tendency for the sheets to ripple. This could be mitigated only by 
partly covering the dishes to reduce the rate of solvent evaporation. 
Unfortunately this may have reduced the efficiency of the (10-1) by 
allowing intramolecular linkage to occur during drying. The extent 
of this error was not determined. 

For tensile strength measurements small dumbbells with an approx- 
imately 2.8 X 6.0 mm. uniform test section were cut with adie. For 
swelling and for most of the equilibrium tension measurements, strips 
about 2.0 X 20.0 mm. were cut with a die. 

Accurately measured and weighed strip specimens were soaked in 
shallow glass dishes of benzene (containing PBNA) overnight at room 
temperature. The swollen lengths were measured while the speci- 
mens were immersed for determining the swelling ratio. Swelling 
appeared to be isotropic, and the effect of sol polymer on the swelling 
ratios of the lightly crosslinked gels was minimized by using a very 
large excess of solvent and by the fact that very low molecular weight 
polymer had been previously removed. The swollen specimens were 
then soaked in baths of benzene and acetone containing successively 
more acetone until shrunken replicas were obtained in pure acetone. 
These were vacuum dried and weighed to determine per cent gel. 
This procedure gave lower values and more reproducible results for 
per cent gel than simply drying the swollen specimens, and in addi- 
tion the extracted specimens were obtained undistorted. 

The equilibrium modulus was obtained by essentially the pro- 
cedure described by Flory, Rabjohn, and Schaffer‘ using low boiling 
petroleum ether to equilibrate the specimens at constant extension. 
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Calculation of Network Activity 


To calculate the network activity of the lightly crosslinked materials 
from the percentage of (10-1), it is necessary to account for the par- 
titioning of the (10-1) between sol and gel as well as the segregation 
of the lower molecular weights in the sol portion. The equations of 
Charlesby’ provide a basis for the calculation which is outlined below. 
It must be admitted that the per cent (10-1) and the per cent gel data 
were not entirely consistent with the molecular weight distribution 
implied by the figures given above for M, and M,. This necessitated 
some compromise as noted below. The discrepancy was such that the 
experimental gel fraction was less than that calculated on the basis 
of the M, and M, noted. 

The bulk crosslinking density gq is defined as the probability that a 
butadiene unit is crosslinked and is related to P, the grams of (10-1) 
per 100 grams of polymer by 


(i) 
1 * \100/\M ao-»/2 


where Mz and M _1 are the molecular weights of butadiene and 
(10-1), respectively, and b is the weight fraction of butadiene in the 
polymer. 

The crosslinking density of the gel, g,, is given by 


% = ql + 8) (2) 
where s is the measured sol fraction. Then 
(=) - oe = Pout 
V, Ms/b = 100M qo-1)/2 
where (v/V,) is the moles of crosslinked units per cm.* of gel and p 
is the density of the polymer. 


The effective number of chains per unit volume (»,,;;/V,) is ob- 
tained by multiplying (v/V,) by the usual Flory factor® and can be 


written 
Ves Vv ; 2M3/b 7 100M (0-1 
<= — 2] — ———— > = — 11 —- ——————? (4 
V, 71 (M 7 V, ‘ (M,(g)}(1 + at “ 


where [M,(g)], the number-average molecular weight of molecules 
which formed the gel is calculated by 





(3) 
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(1 — 8) 
M,(g) = M, 5 
(g) (—?) (5) 
(1 — r) is the fraction of the original polymer molecules present in the 
gel, and may be calculated graphically from the relation 


M, 


1 — = 
a 


sd (5g) (6) 
Here g is the measured gel fraction and 6, the number of crosslinked 
units per initial weight-average polymer molecule, is given by 
M, PM, 
6 = q ——-_ «§ 8B : (7) 
Ms, b 100M «9-1/2 

The value 350,000 was used for MV ,. 

The measured gel fraction and the results of the above calculations 
are listed in Table I. 








TABLE I 
Calculated Network Activity 

9 /VeX — reps/V_ X 
P (= 1 —s) l-r [M,(9)] 10° 105 
0.2 0.447 0.219 143 ,000 1.44 0.137 
0.3 0.549 0.348 110,500 2.02 0.337 
0.4 0.626 0.468 93 ,600 2.55 0.559 
0.5 0.700 0.585 83,800 3.01 0.780 
0.6 0.733 0.673 76,100 3.53 1.08 
0.8 0.798 (0.828) 70,000 4.47 1.80 
1.0 0.822 — 70,000 5.47 2.80 
2.0 0.895 _- 70,000 10.28 7.61 
4.0 0.955 -— 70,000 19.40 16.73 





The incongruity of the data is evidenced by the fact that 1 — r 
becomes greater than g (which is impossible) at P = 0.8. Asa 
compromise therefore [M,(g)] was assumed the same as M, from 
there on. As can be seen, the variation of [M,(g)] and its effect on 
vezz/ Vz has become small at this value of P. 


Network Activity from Swelling Ratio 


The equation used to calculate network activity from swelling 
measurements’ applies to a network which was crosslinked in the 
presence of soluble polymer. 
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vere 1 [0.5 — wv? + 0°/3 + ...| 


oo 1 2 
Vs Vi vg” — v/2 


(8) 


Here (v,,;/V-) is the effective chain density of the network (the gel 
portion), V; is the molar volume of the solvent, and v is the ratio of 
gel volume to final swollen volume. The parameter » was chosen 
as 0.35, which gives good agreement with modulus results at a high 
per cent of (10-1). (It was pointed out in review that » probably is 
not constant over this large range of concentrations, but increases 
with increasing polymer concentration. Allowance for this would 
have improved the agreement with elasticity data.) Terms higher 
than v* in the numerator were found to be negligible. 


Network Activity from Modulus 


Application of simple elasticity theory to the unextracted speci- 
mens gives the effective chain density based on the original specimen 
volume V». Denoting the stress per unit undeformed cross-section 
area by 7 and extension ratio by a, 


Meg A i= Ane (9) 
V> RT (a — 1/a?) 
To compare these results with the results of eq. (8) above, one must 
divide by g to get the chain density on the basis of the volume of the 
network polymer only. 
When one measures the modulus of the extracted specimens, the 
appropriate expression becomes: 


pane i Mena 
V. RT (a —1/a?*) 


Here r, and a are based on the dimensions after extraction. 


(10) 


Results of Network Activity Measurements 


The results of the above measurements are given in Figure 1. 
The agreement between extracted modulus, nonextracted modulus, 
and swelling methods is quite good above 1% (10-1). The Swelling 
method in turn yields somewhat higher results than the calculation 
based on percentage of (10-1). Such a discrepancy between network 
activity based on swelling and modulus compared to that based on 
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Fig. 1. Network activity of GR-S crosslinked with (10-1). (A) From modulus 
(extracted). (B) From modulus (unextracted). (C) From swelling ratio. (D) 
Calculated. 
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chemical composition was found also by Moore and Watson.’ At 
about 1 X 10-‘ moles of chains per cm.* their swelling results were 
about 2.5 times their chemical results whereas that factor in our data 
is only about 1.5. Above this degree of crosslinking the ratio is 
decreased in both cases. Our data carry this comparison to much 
lower crosslinking and indicate that the network activity manifested 
by swelling behavior remains between 2.5 to 3 times the calculated 
value. 


Ill. TENSILE STRENGTH MEASUREMENTS 


For each specimen a complete stress-strain curve was obtained up 
to the point of break using a constant rate of clamp separation. Some 
preliminary experiments were performed on an Instron testing machine. 
In one set of preliminary experiments, ring specimens were compared 
to dumbbell specimens. The rings were mounted on double pulleys 
set in miniature precision bearings in order to permit free uniform 
extension of the specimens (see Fig. 2). Despite the use of the double 
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Fig. 2. Mounting for ring specimen. 


pulleys, it was found that the rings broke somewhat shorter and at a 
considerably lower tension when the degree of crosslinking was low and 
when the end portion of the stress-strain curve was concave upwards 
and steep. Since the region of low degree of crosslinking was of 
greatest interest, no further ring specimens were used. This was 
despite the fact that with dumbbell specimens it was not possible to 
obtain a uniform rate of extension of the test portion. At higher 
degrees of crosslinking, ring and dumbbell specimens gave results in 
close agreement. 

The great majority of the stress-strain curves were obtained on an 
instrument similar in principle to that described by Taylor. In 
this, the lower specimen clamp was mounted on a cantilever spring, 
the deflection of which was sensed by a differential transformer and 
recorded. The upper clamp was drawn at a uniform rate by a cali- 
brated Graham drive. There was no temperature control except for 
the room thermostat. 

The elongation of the specimens was followed by visually observ- 
ing the spacing of the bench marks on the sample against a movable 
scale. Pips were recorded at fixed intervals of distance between the 
marks. 

In Table II are summarized the tensile strengths and ultimate ex- 
tension ratios obtained. The tensile strength has been referred as 
usual to the unstressed cross-sectional area, after treatment in the 
case of the swollen or extracted specimens. The extension ratios, 
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Fig. 3. Tensile strength of GR-S crosslinked with (10-1). Samples extended 
at rate of 2 in./min. Vertical lines indicate average deviation of the points. 
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Fig. 5. Tensile strength of GR-S crosslinked with (10-1). (A) Untreated, 
stretched at 2 in./min. (B) Untreated, stretched at 20 in./min. (C) Extracted, 
stretched at 2in./min. (D) Swollen with mineral oil, stretched at 2in./min. (2) 
Extracted and reswollen, stretched at 2 in./min. 
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Fig. 6. Ultimate extension ratios of GR-S crosslinked with (10-1). (A) Un- 
treated. (B) Extracted. (C) Swollen. (D) Extracted and reswollen. a, based 
on length before treatment. 


however, have been referred to the length of the undeformed net- 

work, that is, the specimen length before extraction or swelling, etc. 
Figures 3 and 4 are plots of these data for the first set (i.e., untreated 

2”/min.) showing the individual points and their average deviations. 
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Figures 5 and 6 are plots of the tensile strengths and extension ratios 
listed in Table II for all five sets of samples. For the sake of clarity 
individual points are not shown, only the smooth curves. 

Occasionally a result was rejected when both the tensile strength 
and elongation were very muci lower than the average. Since it is 
difficult to set a criterion for rejection, this was avoided as much as 
possible and altogether only eight out of about 400 observations were 
rejected. 


1V. DISCUSSION 
A. Application of Taylor’s Theory 


The initial objective of these experiments was to test Taylor’s 
theory, which states that the tensile strength is proportional to the 
number of effective chains per unit volume and to an orientation fac- 
tor, wo, which can be calculated from the extension ratio at break, 
ag. Accordingly 


TS = K 7 a (11) 
0 


where w = 1 — (1 — 8*a,*)~'” for small 4, where 4 is the maximum 
angle for effectively oriented chains. 

Our treatment differs from Taylor’s in the following respects: 
(1) ap was measured by observing the separation of marks on the 
specimen rather than clamp separation; (2) the accuracy of observa- 
tion of a, was improved further using only one-tenth the speed of 
clamp separation; (3) we have used v,,,;/V») as calculated from the 
equilibrium swelling measurement; in place of Taylor’s Nw, which 
was based on the stoichiometry of crosslinking and Flory’s free end 
correction. 

Accordingly, various values of 4° were tried in order to match the 
observed and calculated tensile strength values. The results dis- 
played in Figures 7 and 8 were obtained using 6* = 5 X 10-*, the same 
value used by Taylor, and corresponding to an angle of 0.4° for effec- 
tively oriented chains. This resulted in values for K similar to Tay- 
lor’s but shifted the peak tensile strength to a higher percentage of 
(10-1). The value of K used was 0.63 times Taylor’s value. For 
the fast stretch (20”/min.) data K was 1.15 times Taylor’s value. 
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Fig. 7. Comparison of observed tensile strength and tensile strength calculated 


by Taylor’s theory. (A) Dry observed. (B) Swollen observed. 


lated. (D) Swollen calculated. 
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Fig. 8. Comparison of observed tensile strength and tensile strength caiculated 


by Taylor's theory. 
(C) Extracted and reswollen, observed. 


(A) Fast stretch, calculated. (B) Fast stretch, observed. 
(D) Extracted and reswollen, calculated. 


To move the calculated peak closer to the observed peak required a 


much smaller 4? and a drastically larger K. 


For even smaller 8, 


wo & 1/26*a,y* and the position of the peak becomes independent of 
the choice of 5* and is determined instead by the a,’s. 
As shown in Figures 7 and 8, in all cases the calculated curve has 
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a peak at low percentages of (10-1) which resembles the observed 
curve in shape but is definitely shifted to the right. In all cases the 
calculation yielded unreasonably low values at high percentages of 
(10-1). The calculation successfully correlated the drop in tensile 
strength on swelling with the drop in a, for the low vulcanizates, but 
unfortunately also predicted an unreasonably low ratio for the tensile 
strength of the swollen high vulcanizates compared to the unswollen 
high vuleanizates. Again, when the same parameters were applied to 
the extracted and reswollen material the calculation predicted a peak 
for low vuleanizates which was not observed as well as an unusually 
low tensile strength for the high vulcanizates. 

The discrepancies for the fast run were similar to those noted for the 
slow run. 

The data obtained leads qualitatively to the conclusion that the 
large peak in tensile strength for these elastomers at low percentages 
of (10-1) is a viscous effect which cannot be explained in terms of 
equilibrium network structure. Particularly pertinent are the ob- 
servations that: 

(a) Variations in specimen treatment produced large changes only 
at low degrees of vulcanization. The tensile strength of the high 
vuleanizates was changed relatively slightly by higher speed, replace- 
ment of soluble polymer by oil, or swelling. 

(b) The peak tensile strength of the low vulcanizates increased 
about 85°% on increasing the speed, compared to an 18% increase at 
4.0% (10-1). 

(c) Upon replacing the soluble polymer with oil the peak tensile 
strength of the low vuleanizates dropped 65°% compared to only 13% 
decrease at 4.0% (10-1). 

(d) Upon swelling the comparison was similar to (c). 

(e) To further substantiate the viscous nature of the tensile 
strength peak, several specimens with a low percentage of (10-1) 
were extended at the usual rate to just less than their ultimate elonga- 
tion and allowed to relax. The swollen specimens relaxed very little 
whereas the dry specimens relaxed a great deal. Furthermore, if dry 
specimens were extended to an elongation corresponding to the ulti- 
mate elongation of the same specimen when swollen, they would relax 
to approximately the tensile strength of the swollen specimens and 
then break. 

(f) The oil replaced and swollen tensile strength curves were re- 
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markably parallel. Here the sole difference was the initial deforma- 
tion of the network; there was little difference in “lubrication.” 


B. Test of Bueche’s Theory 


According to a recent theory proposed by A. Bueche,* rupture 
occurs in some section of the specimen when the relative rate of bond 
breakdown equals the relative rate of increase of tension, i.e. 


£ = ~(! 2) e) on 
noat/. \o a/, \de /-. 5 


where n is the number of bonds, a is the extension ratio, ¢(a) gives 
the shape of the stress strain curve, and ¢ is time. The subscript c 
refers this relationship to the critica! section of the specimen and will 
be dropped in future discussion. For the left side of (12) Bueche has 
derived the expression 


4 a a tsleets! Z 3 e+ alt 
aor) ne’ sine’ s-.)—OUS ee ee 


where A is the frequency factor kT’ /h, Z is the number of main chain 
bonds in each chain, W, is the work of extension, and the other param- 
eters have physical significance as discussed by Bueche. We have 
examined Bueche’s data (and our own) and found that the first three 
terms in the square brackets may be ignored for these specimens. 
For example, AH/RT is about 200 while the other terms amount to 
less than 10. These: terms have thus not really been tested since we 
found that the points in Bueche’s Figure 1 are hardly shifted when 
these terms are omitted. 

Bueche set Z inversely proportional to the chain density deter- 
mined by tension modulus measurements at low elongation and we 
have done likewise. One may then write 


| AF AH aes! ( ) (5) , 
-—_— + — - = -—_ — 3 
A exp} RT RT Vo @ Oa/,\ Ot /, a 


where v is the molar volume per chain bond. Bueche calculated 
(1/¢)(d@/da) from the measured ultimate elongation using the simple 
theory of rubber elasticity. Our measurements extended to materials 
whose stress-strain curve inflected upward (implying serious depar- 
ture from simple theory), so we used for the right-hand side (1/r)(dr/ 
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Fig. 9. Test of A. Bueche’s theory. Swollen GR-S dumbbells (©). Swollen GR-S 
rings (Y). Bueche’s data on silicones (&). 


dt), i.e., the ultimate force and slope of the stress-strain curve obtained 


at constant chart speed. Taking logarithms then, one expects to 
find: 


log[(1/r)(dr/dt)] = C + B(v/Vo) (14) 


Figure 9 shows Bueche’s data for radiation-crosslinked silicones 
and two sets of our swollen data plotted according to eq. (14). These 
specimens of ours fulfilled the requirement of displaying very little 
stress relaxation. The dumbbell data is for the same specimens as 
in Figure 5. The other points are taken from an older set of data ob- 
tained in this laboratory for the same GR-S crosslinked with (10-1) 
but died into 1” diameter rings, which were also swollen about 1.7 
times in mineral oil. They were extended at 2”/min., or da/dt = 
1.1 min.~' compared to Bueche’s 0.25 min.~! It is seen that the 
data for the rings for which da/dt is necessarily constant is well recti- 
fied in this manner. In the case of our dumbbells, da/dt varied con- 
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Fig. 10. Test of eq. (15). Swollen GR-S dumbbells (©). Swollen GR-S rings (¥). 
Bueche’s data on silicones (©). 


siderably because of excessive shoulder stretching, leading, we believe, 
to the curvature observed. 

It is common experience that 7 is approximately constant over a 
small range of da/dt. Accordingly, we attempted alternatively to 
rectify our data by means of the following empirical equation: 


log[(i/r)(dr/da)| = X + Yr/Vo (15) 


Figure 10 shows the same data as in Figure 9 plotted instead according 
to eq. (15). In the case of our dumbbell data, pips had been put on 
the chart for each centimeter of travel of the bench marks on the test 
section of the specimen, so that we could compute da/dt at the 
break, and so obtain dr/da. It is noted that the dumbbell data 
and the ring data are now in much better agreement. Furthermore, 
both Bueche’s data and ours have nearly the same intercept. (If 
one wishes to interpret this intercept in terms of a AF, the difference 
observed in Fig. 10 corresponds to less than 0.1 keal.) 


C. Discussion of Ultimate Elongation Data 


It is noteworthy that although swelling, extraction, etc. caused 
gross changes in the tensile strength of the lightly crosslinked ma- 
terials, the ultimate extension ratio ag, based on the untreated speci- 
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men dimensions, was changed by a relatively small amount. One is 
thus inclined to seek a fundamental correlation between network ac- 
tivity and a, rather than with tensile strength. A naive estimate of 
the ultimate extension ratio is that a, = n'’* (nis the average number 
of statistical links per chain). It was obvious from our data as well 
as Bueche’s and Taylor’s that this relationship does not hold. Such 
a relationship is based on the premise that rupture occurs when the 
chain of average end-to-end displacement is stretched to its full con- 
tour length. 

Obviously by the time the average chain has become fully extended 
a number of chains which were abnormally extended to begin with 
will have been broken. Suppose we postulate that a particular net- 
work snaps when only some small fraction ¢ of the chains, represent- 
ing an upper percentile of r/nil, has been fully extended. Here / is 
the length of a link, n the number of links between junction points, 
and r is the undeformed end to end distance. To rationalize such a 
postulate one may argue that only after some threshold is reached 
does breakdown become catastrophic. We could try two ideas: (1) 
that ¢ is the same for all vulcanizates, and (2) that the critical number 
of breakdowns per unit volume is constant for all vuleanizates, neces- 
sitating that ¢ be decreased as the chain density is increased. 

Before attacking this problem another difficulty should be pointed 
out. The same specimen treatments that cause the tensile strength 
to appear greater because of increased viscous effects also result in 
greater ag. One would expect nonequilibrium effects, such as tem- 
porary entanglements, van der Waals’ forces, and insufficient orienta- 
tion time, all to lead to shorter az, if a, were determined solely by 
network geometry. Some other idea, such as the »ccurrence of some 
chemical rate catastrophe, appears necessary to complete the picture. 

In all calculations below we will ignore the fact that there is a dis- 
tribution of n for each vulcanizate. Using an average n is simply 
compensated for by using a “statistical” 1. The problem is further 
reduced to one dimension for simplicity, by visualizing a network con- 
sisting of three mutually perpendicular sets of chains. One set, with 
displacements, r, all in the direction of elongation, limits the ultimate 
extension. 

Using the Gaussian distribution p(r) for r, one calculates ¢ as 


@= F(Z) =1- f porar = 1+ (2//x) Ze~” — erf Z (16) 
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where 
Z = (r, )Vv3 2n 
Then 
r(o) = IV'2n/3 F-(4) 
and 
apg = nl/r(d) = V3n 2/F— (¢) (17) 


Equation (17) tells us that if @ is a constant for all vulcanizates 
then we must still have ag ~ +/n, which is denied by experiment. 
Consequently the second idea, which requires that ¢ be inversely 
proportional to the chain density, will be tested. The procedure was 
as follows: (a) The molecular weight per crosslinked unit, M., was 
calculated from the percentage of (10-1) accounting for soluble poly- 
mer and the partitioning of (10-1) between sol and gel. (6) A trial 
value of @ was assigned to the 0.2% vulcanizate and corresponding 
values proportional to M, assigned to the others. From a graph of 
eq. (16) values of F~'(@) were found for each vulcanizate. (c) The 
value of n required to fit the smoothed data at 0.8% (10-1) was com- 
puted using eq. (17) and from that the necessary value of M,, the 
molecular weight of a statistical link. (d) Using this M,, the re- 
maining n and ag were then calculated. 

After several trials (using the data for the untreated specimens) we 
chose ¢ = 0.5 for the 0.2% (10-1) specimens. The fit is not strongly 
dependent on ¢. It could have been improved slightly by choosing 
@ much larger, which seems unreasonable. Also ¢ = 0.5 yields a 
rather sensible value for M,, namely 122.3. Figure 4 shows the 
calculated and observed a,’s for the untreated specimens. 

Although the data is in fair agreement with the calcu'ated curve, 
it deviates in a systematic way, having a sigmoidal shape not pre- 
dicted by the calculation. Such a shape is indeed difficult to account 
for theoretically, and may in fact represent a fault in the specimen 
preparation, such as intramolecular reaction of (10-1) at low percent- 
ages of (10-1). The only similar data, that of Taylor, although in 
error because it included shoulder stretching, does show this same 
trend. 

A serious deficiency in the calculation presented is that no account 
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was taken of entanglements, which one might expect to reduce M, 
below the stoichiometric value at low percentages of (10-1). Un- 
fortunately, any attempt to correlate tensile data over a wide range of 
degrees of crosslinking is beset with the difficulty of obtaining a good 
measure of network activity for low vulcanizates. 

The effect of the various specimen treatments on the length at 
break requires, for its understanding, more knowledge of the mecha- 
nism of rupture. However, the increase observed at the faster 
stretching rate could certainly not be attributed to a smaller M,, 
but might be the result of a larger ¢. Increasing ¢ to 0.6, for example, 
would increase the calculated extreme a,’s from 26.1 to 29.4, and from 
3.7 to 3.8. 


Vv. SUMMARY 


GR-S rubber crosslinked with (10-1) generally exhibited a greater 
network activity in static modulus and swelling experiments than 
was calculated stoichiometrically. Results were close above 1% 
(10-1), but became increasing divergent at lower degrees of cross- 
linking. 

The maximum in tensile strength at low degrees of crosslinking was 
greatly dependent on the rate of extension. In the case of the swollen 
specimens no maximum occurred. In general, attempts to fit the 
data by Taylor’s theory were unsuccessful. Some success was had 
in fitting the data to an empirical equation suggested by the theory of 
A. M. Bueche.* Furthermore, a theory which has been proposed to 
relate the ultimate elongation to the degree of crosslinking is in good 
agreement with the observed data. 


We wish to acknowledge helpful discussions with Hershel Markovitz. 
This was work supported by the National Science Foundation at Mellon Insti- 
tute. 
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Synopsis 

Specimens of purified GR-S were crosslinked with from 0.2 to 4.0% deca- 
methylenebismethylazodicarboxylate. The network activity (i.e., number of 
stress-bearing chains per cc.) calculated from the quantity of crosslinking agent 
and polymer molecular weight was somewhat lower than that determined by 
swelling and equilibrium tension measurements, especially at low degrees of 
crosslinking. Ultimate strength and elongation were measured at extension rates 
of 2 and 20 in./min. These were also measured at 2 in./min. on sets of specimens 
which were swollen with 70% by volume of mineral oil, sets from which the solu- 
ble polymer was extracted, and sets from which the soluble polymer was extracted 
and replaced with an equal volume of mineral oil. Attempts were made to inter- 
pret the results according to theories previously proposed for amorphous cross- 
linked elastomers. It was observed that despite wide differences in tensile 
strength among the sets which received the various treatments noted above, the 
ultimate elongation varied relatively little. A theory for the ultimate elongation 
is proposed which is in good agreement with the data. It is based on the assump- 
tion that a specimen breaks when the number of broken chains per unit volume 
reaches a critical value. These broken chains are those which in the undeformed 
network have end-to-end distances closest to their contour lengths. 
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Flow Behavior of Concentrated (Dilatant) 
Suspensions 


A. B. METZNER and MALCOLM WHITLOCK, University of 
Delaware, Newark, Delaware 


The objects of this work were to establish the effects of particle 
size, particle concentration, and carrier liquid viscosity on the flow 
behavior of concentrated suspensions; the ranges of variables of pri- 
mary interest were those in which the phenomena of dilatancy may be 
observed. A rotational as well as a capillary-tube viscometer was 
used in the experimental studies to assure the absence of effects which 
might be solely attributable to the peculiarities of a particular type of 
measuring instrument. 


REVIEW OF PRIOR ART 


The classical experiment demonstrating ‘‘dilatant behavior’ was 
performed by Reynolds.'! One of the systems which Reynolds con- 
sidered was sand in water. The sand was placed in a rubber balloon 
containing a small excess of water over that just necessary to fill 
the void between the sand grains, and the water level was shown by an 
attached glass tube. When Reynolds pressed or distorted the balloon 
the liquid level in the glass tube decreased. Obviously if the sand- 
water suspension originally had enough water to fill the voids between 
the sand grains and received more on application of pressure to the 
system, then the value of the suspension must have increased, i.e., 
the system must have dilated. da C. Andrade and Fox' extended 
Reynolds work using arrays of cylindrical polyethylene rods. The dis- 
placing force was that of a piston on the array of perfectly arranged 
rods. Volume increases were measured, in support of Reynolds 
original observations. 

Freundlich and Roder,* working with starch-water and quartz- 
water systems, found that increases in the viscosity of a given system 
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Fig. 1. Gerieral shape of the flow curve for concentrated suspensions. 


sometimes occurred with increases in shear rate. This was also termed 
“dilatant” behavior since Reynolds had also noted similar increases 
in rigidity upon distortion (and volumetric dilation) of his systems. 
From this and related experiments a second definition of dilatancy has 
arisen; viz. that fluids for which a shear stress vs. shear rate plot is 
concave towards the stress axis be termed dilatant. Most fluids 
will not be dilatant rheologically at all shear rates; Figure 1 presents 
a qualitative picture of the behavior of many suspensions over a wide 
range of shear rates. 

In general, the term “dilatancy’”’ has been used to describe both of 
the above phenomena interchangeably, sometimes implying that 
volumetric dilation under shear is accompanied by sufficient increases 
in the slopes of the shear stress—shear rate diagrams to cause the fluid 
viscosity (defined as shear stress divided by the corresponding shear 
rate) to increase with increasing shear rate. Both means of identifying 
dilatancy have been largely on a qualitative basis. One purpose 
of this work was to quantitatively distinguish between these two types 
of dilatancy and to determine how they were related, if at all. 
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The ranges of particle concentrations over which rheologically dilat- 
ant behavior may be observed have been studied by three groups of 
investigators. Freundlich and Roder‘ reported dilatancy only in 
suspensions containing between 42 and 45 volume per cent solids. 
Above and below this range no dilatancy was encountered in either of 
the two systems studied (quartz-water and starch-water). However, 
no experimental data are reported, hence it is impossible to determine 
whether their statements are truly valid or not. It seems quite pos- 
sible, for example, that their experimental equipment simply did not 
enable them to reach shear stresses sufficiently high to bring them into 
a region of dilatancy on the flow curves of the more concentrated sus- 
pensions. It would appear that any method used to estimate the 
volumetric concentrations of starch particles is open to serious ques- 
tion; it is not known to what extent their conclusions rest on data 
taken with this system. Verwey and de Boer" also report that some- 
times dilatant behavior occurred only over very narrow concentra- 
tion ranges in suspensions of metallic particles (coated with oleic acid) 
in organic liquids, although few specific values are given. While de 
Bruijn and Meerman? reported dilatancy in a suspension of glass par- 
ticles at only 13.8 volume per cent solids, their data appear question- 
able in view of the experimental techniques used. Thus the avail- 
able quantitative information on the relation between dilatancy and 
particle concentration, while of very limited utility, suggests that 
dilatancy may be confined to a narrow range of concentrations. 
Since the importance of concentration appears to be through its 
effect on the volume occupied by the particles, swelling or solvatable 
particles were not used in the present work. 

The effects of particle size on dilatancy are somewhat clearer than 
the above data on concentration effects. Freundlich and Roder,‘ 
in the work discussed above, used particles with diameters between 
1.5 and 5 microns. Robinson" encountered no dilatancy in the rhe- 
ological sense with particle sizes in the 3-4, 4-10, and 10-30, micron 
ranges, even with particie concentrations as high as 52% by volume. 
However, it is possible that he may have missed the phenomenon if it 
is restricted to as narrow a range of concentrations as indicated above, 
since frequently none of his samples fell into the 40-45% range. 
Similarly, Vand" found no dilatancy in suspensions of 130 micron 
diameter glass beads,* and Ting and Luebbers'‘ found no dilatancy 


* Vand studied concentrations up to 47% by volume in a capillary tube viscom- 
eter. Higher concentrations were studied only in an unsatisfactory apparatus. 
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in their suspensions of 390 micron diameter glass beads (at concentra- 
tions up to about 50 volume per cent). While de Bruijn and Meer- 
man report dilatancy for all particle sizes in their 0-50, 50-90, 90 

250, 250-500, and 500-700 micron ranges, their results may be doubt- 
ful in view of the crude experimental techniques used. Thus, all the 
reliable data available on rheological dilatancy indicate it has been 
confined to suspensions of particles having diameters of less than 5 
microns. 

The viscosities of the suspending liquids used in studies of dilat- 
ancy have not been varied over an appreciable range; all studies have 
been in liquids having viscosities of a few centipoises or less. Freund- 
lich and Roder‘ theorized that such low viscosities are probably neces- 
sary to bring out the phenomenon. 

Pryce-Jones® and Verwey and de Boer have studied the great 
importance of the surface or colloidal properties of the solids used to 
prepare dilatant suspensions. Freundlich and Kross* studied these 
colloidal properties extensively in titania suspensions similar to those 
used in the present work. 


EXPERIMENTAL 


Most of the data were obtained using a Stormer rotational viscom- 
eter of standard design except that a smooth cup with no internal 
obstructions was used. The bob was hollow; analytical balance 
weights were used for the loads. Check runs were made with a capil- 
lary tube viscometer described in detail by Riggs"? and in general sim- 
ilar to a model available commercially from the Burrell Apparatus 
Co. Both instruments were calibrated with U. 8. National Bureau 
of Standards oils. No correction of the measured capillary tube 
dimensions was found to be necessary; the Stormer data were cor- 
rected by interpolating from the following table to obtain “effective’’ 
bob lengths. 








Viscosity of calibrating Ratio of effective to 
oil, poises measured bob length 

2 1.13 

12 1.13 


200 1.04 
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The usual rigorous equations’ were used for calculating the true 
shear rates in both instruments. 

The suspensions of titanium dioxide were mixed for 15-20 minutes 
in a small household Waring Blender. The glass bead suspensions 
were mixed by adding the beads to the carrier solution with inter- 
mittent paddle agitation with maximum care taken to exclude air 
intake. Volumetric concentrations were calculated from the known 
weights of the two phases used and their densities (a density of 4.2 
g./ml. was assumed for the titania). 

After the viscometer cup was filled, the bob was slowly lowered into 
the cup to insure escape of all air through the four holes in the top of 
the bob. The bob was inserted to the same depth into the cup for 
all runs and the cup filled to one-sixteenth of an inch from the cup 
lip. Weights were added and the time required for the bob to make 
100 revolutions was measured. Prior to this measurement at least 
15 revolutions were allowed to insure a constant speed during the test 
measurement. This was repeated for different weights until a speed 
of 100 revolutions per 7 seconds or a load of 3000 grams was reached, 
whichever came first. 
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Fig. 3. Flow curves for TiO, in a 47.1 wt.-% (17 centipoise) sucrose solution. 
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Further details concerning equipment and the methods of calcula- 
tion are available in a dissertation.’ 


RESULTS AND DISCUSSION OF RESULTS 


The primary variables studied were the viscosity of the suspending 
medium used in preparing the suspension and the solids concentra- 
tion of the suspension. The wide ranges used were chosen to deter- 
mine the range over which dilatancy persisted, and, in the case of the 
solids content, the lowest concentration of solids which would pro- 
duce dilatant behavior was also to be determined. The results are 
summarized in Figures 2—4 and in Tables I-V. 

Dilatancy in the rheological sense was never obtained with cer- 
tainty in any of the glass bead suspensions. As a result, detailed 
flow curves for these systems are not presented here. Inspection of 
the flow curves of the titania suspensions reveals that in all cases the 


TABLE I 
Summary of Experimental Conditions Studied 
and of Ranges in which Rheological Dilatancy Occurred 








Concentration 
Concentration of exhibiting 
solids, rheological 
System % by volume dilatancy 
Titania suspended in: 
water 12.1, 27.2, 38.0,42.5, 27.2, 38.0, 42.5, 
47.0 47.0 
aqueous 8.3, 20.8, 30.0, 42.5 30.0, 42.5 
sucrose (u = 17 ep.) 
aqueous 18.2, 25.2, 30.3, 38.5, 30.3, 38.5, 40.2 
sucrose (u = 42 cp.) 40.2 
28-micron glass beads in 42 cp. 32.7, 39.2, 46.0, 58.6, None 
sucrose solution 61.0, 64.4 
57-micron glass beads in 42 cp. 46.0, 58.6, 64.4 None 
sucrose solution 
100-micron glass beads in 42 cp. 46.0, 58.6, 64.4 None 
sucrose solution 
Equal parts by weight of the 46.0, 58.6, 64.4 None 
above 3 glass beads, in 42 ep. 
sucrose solution 
28-micron glass beads in an 18 46 .6, 52.7, 59.2, 62.7, None 


ep. CdCl, solution 64.6 
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TABLE Il 
Comparison of the Minimum Shearing Stresses at which Volumetric Dilation, 
Rheological Dilatancy and Fracture of the Suspension First Occur 





Shear stress, lb.r/ft.? corresponding to 


Visual and 





Concentra- audible 
tion of Volu- fracture 
solids, metric in 
% by dila- Rheological viscom- 

System volume tion dilatancy eter 
Titania in 42 ep. sucrose 25.0 0.9 Above 2.2 — 
solution 30.3 1.3 2.0 6.8 
38.5 3.5 5.8° 

40.2 0.9 2.0 4.4 

Titania in 18 cp. sucrose 30.0 0.8 1.0 2.9 
solution 42.5 0.9 1.8 4.4° 
Titania in water 27.2 0.14 0.43 
38.0 — 0.4 0.80 

42.5 0.4 0.6 1.0 

47.0 0.4 0.8 2.2 





* Observed stress corresponding to audible cracking and fracture in the capil- 
lary tube was 5-6 psf. 

* Observed stress corresponding to audible cracking and fracture in capillary 
tube was 5-6 psf for this suspension. 


TABLE III 
Variation in the Conditions Corresponding to Initial Dilatancy 
with Viscosity of the Carrier Medium 





Shearing conditions at onset of 








Particle Carrier liquid rheological dilatancy 

concentration, viscosity, . 

% by volume centipoises Stress, lb.r/ft.? Rate, sec.~* 
27.2 1 6.13 320 
30.0 17 1.2 330 
30.3 42 2.0 280 
38.0 1 0.40 380 
38.5 42 3.4 160 
42. 1 0.60 300 
42.5 17 1.9 110 
40.2 42 2.0 60 
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TABLE IV 
Effect of Particle Concentration on Conditions Corresponding 
to Initial Dilatancy 








Liquid Particle Shear Shear 
viscosity, concentration, stress, rate, 
ep. vol. % lb.r/ft.* sec. ~! 

1 27.2 0.13 320 
38.0 0.40 380 

42.5 0.60 300 

47.0 0.73 70 

42 30.3 2.00 280 
38.5 3.40 160 

40.2 2.00 60 





more dilute suspensions were essentially Newtonian in behavior. 
As the solids concentration was increased, non-Newtonian behavior of 
the type shown by Figure 1 occurred: at high shearing stresses the 
fluid was dilatant, passed through a Newtonian point (or small re- 
gion) at decreasing stresses, and became pseudoplastic at still lower 
shearing stresses. Shearing stresses sufficiently low to study the fluid 
behavior in the Newtonian region at the lower end of the curve in 
Figure 1 were not obtained, since this region was not of primary inter- 
est, and in most cases there was little reason to doubt that Newton- 
ian behavior would always be exhibited at sufficiently low shearing 
stresses. 

Before attempting to explain the mechanisms responsible for the 
L- or S-shaped curves of Figures 1—4, it may be helpful to discuss the 
volumetric behavior of these systems under shear. Since volumetric 
dilation of concentrated suspensions may cause them to appear dry* 
visually, inspection of the appearance of the top of the suspension in 
the annulus of the rotational viscometer sheds direct light on the volu- 
metric behavior of the fluid under steady (and nearly uniform) shear. 

Surface drying,t under shear, was noted in all of the glass bead 
suspensions containing over 50 volume per cent solids. No dilatancy 
at all in the rheological sense was observed in 8 of these 13 systems 
studied, and, in the other 5”¢ases, was within experimental error. 

* Reiner” discusses this point extremely well. 


t This dryness of the surface was due to volumetric expansion of the system and 
not due to evaporation of liquid, as evidenced by its reversibility. 
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Thus it is clear that volumetric dilation may occur quite separately 
from dilatancy in the rheological sense. 

Further data on the differences between rheological and volumetric 
dilatancy are shown in Table II. These data, for the titanium di- 
oxide suspensions, show that volumetric dilation as evidenced by 
“surface drying” of the suspension always was noticed at shearing 
stresses well below those at which the flow curve began to exhibit 
dilatancy in the rheological sense. Thus, at least for both of the 
systems studied in this work, the usual suggestion that rheological 
dilatancy and a dry appearance of a suspension go hand in hand is 
clearly incorrect. 

The flow mechanisms which determine the shape of the flow curve 
may now be investigated in the light of the above knowledge concern- 
ing the volumetric behavior of suspensions under shear. At suffi- 
ciently low shearing stresses (Fig. 1) Newtonian behavior occurs in the 
absence of sufficient forces to affect either particle size or alignment 
(see, for example, references 7 and 8). In the range of slightly higher 
shearing stresses, the slope of the curve (Fig. 1) progressively de- 
creases as the flowing particles either align (if asymmetric) or are pro- 
gressively decreased in size due to the imposed shearing forces—which 
may break up loosely-bonded structures formed by groups of particles. 
The momentum transfer leading to viscous energy dissipation in 
liquids is not believed to be due so much to direct collisions between 
individual molecules or particles as to an ‘“‘association” between mole- 
cules or particles in adjacent streamlines.’ Progressive decrease 
in the size of the flowing aggregates decreases not only the mass, 
hence the excess momentum which an aggregate in one streamline 
possesses over that in an adjacent one, but also the total] intermolec- 
ular or interparticle forces which account for the momentum trans- 
fer. Accordingly, the viscosity of the system decreases rapidly within 
a range of shearing stresses in which the particle size is decreasing, just 
as liquids with small molecules possess lower viscosities than other- 
wise similar liquids which are composed of larger molecules. 

The above theories explain the shape of the lower half of the flow 
curve of Figure 1, i.e., up to the point of inflection. Two mechanisms 
may account for the inflection and subsequent increases in slope of 
the curve. In the first place, as the shearing stresses reach levels at 
which the size of the aggregates or flowing particles has been reduced 
to a minimum, the fluid system should approach Newtonian behavior 
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(2) (b) 


Fig. 5. Dilation (volumetric) of a closely packed suspersion under shear. (a) 
Sisetalin at rest; particles fit into voids in next adjacent layer. (b) Suspension 
under rapid shear; particles have no time to fall into voids in adjacent layers and 
each layer glides over the adjacent one. 


or constant viscosity. (This factor by itself should account for the 
inflections noted in the flow curves of other suspensions which ap- 
proach Newtonian behavior at high shearing rates.) Second, and of 
much greater importance in suspensions which may become rheologi- 
cally dilatant, at increasing stresses the system beings to expand vol- 
umetrically, as indicated by the data of Table II. Accordingly, the 
flow mechanism begins to change to one in which entire layers of 
particles begin to glide over adjacent layers, as pictured by Reiner’s" 
diagrams depicting flowing dilatant suspensions. Figure 5 shows 
schematically why such expansion must occur in concentrated (closely 
packed) suspensions at high shear rates and indicates how this expan- 
sion may result in entire layers of particles gliding over the adjacent 
ones. However, to the present author’s knowledge, no one has yet 
ventured to explain why such gliding of entire layers should lead to 
rheological dilatancy, i.e., increases in viscosity with increases in 
shear rate. The above picture of momentum transfer between adja- 
cent layers or streamlines offers a possible explanation, however. 
At the lower shear rates discussed earlier, momentum transfer 
occurred between individual groups of particles in adjacent laminae. 
Now, however, with many particles in a given lamina or streamline 
moving past an adjacent one, momentum interchange, i.e., a change 
of velocity, of one particle in a lamina must concomitantly bring all 
the others following closely behind it to experience the same change in 
velocity. (If the particle in question moves from a region of high 
velocity to one of lower velocity. If the particle were to be acceler- 
ated, on the other hand, it would simultaneously need to accelerate 
all of the others in front of it.) Since, as one moves to progressively 
increasing shear rates within this high shear rate region the particles 
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become progressively more perfectly aligned into laminae, one 
progressively increases the effective mass of the particles which expe- 
rience momentum transfer with adjacent laminae whenever only a 
single particle moves laterally. It is suggested that this mechanism 
becomes of importance as soon as some volumetric dilation occurs. 
However, since this dilation occurs while the flow is still pseudoplastic, 
it is not until one reaches considerably higher shear rates that this 
mechanism is able to predominate over those leading to pseudoplas- 
ticity, hence one does not experience rheological dilatancy until such 
higher shear stresses are reached. 

If the above theories, which suggest that rheological dilatancy be- 
gins under conditions in which the counterbalancing effects leading 
to pseudoplasticity and dilatancy are first balanced in favor of the 
latter are correct, then dilatancy in various systems should begin at 
the same point of balance. This balance should be determined by the 
shear rates in the system—since the balance is between progressively 
increased rates of alignment by the velocity gradient and of dis- 
alignment due to Brownian motion. Thus, if particles of a given type 
are suspended in various liquids of increasing viscosity, one should 
find rheological dilatancy to begin at similar or decreasing shear rates 
and at progressively increasing shear stresses in these systems. The 
data tabulated in Table III show that this is indeed the case. 

The theories also suggest that dilatancy in a given system should 
occur at progressively decreasing shear rates as the solids concentra- 
tion in the suspension is increased, because the “slipping” or “glid- 
ing” of adjacent laminae over one another should be easier to achieve 
at high solids concentrating when there are fewer voids between the 
individual particles. Table IV shows that this is also the case. 

The theory as developed to this point is incomplete insofar as its 
ability to predict the behavior of extremely concentrated suspensions 
is concerned. As one moves toward the limit represented by no liquid 
at all between the particles, one must again predict the observed low 
resistance to shear offered by dry solids themselves. Therefore, 
while the theory predicts increases in dilatancy with increases in both 
solids concentration and shear rate, a Jimit must finally be reached at 
which the theory no longer is applicable. This presumably happens 
when the liquid content becomes sufficiently low to prevent continu- 
ous laminae from forming and the solid phase again begins to behave 
as discrete particles rather than as large groups thereof. 
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The frequently-quoted “fracture” of dilatant suspensions was also 
studied briefly but quantitatively in the present work. In the rota- 
tional viscometer the fracturing of the fluid was not only visible but 
also audible. This “noise” corresponding to fracturing of the fluid 
served to detect its presence in the capillary tube viscometer as well. 
The stresses at which such fracture occurs are recorded in Table II. 
While no particular trends may be noted, the point of initial fracture 
was always close to that at which dilatancy first occurred. However, 
reproducible flow data could be obtained at shear stresses well within 
the fracturing region. The fact that it occurred at essentially the 
same stresses in two types of viscometers is of interest in theoretical 
discussions of fracture,* but no extensive data were obtained on this 
point. 

The results of this study are combined with those of the prior art 
in Table V. It may be surprising to note how few and far between the 
available quantitative studies of dilatancy really have been. The 
data of Table V, while not nearly extensive enough to be entirely con- 
clusive, indicate that strong dilatancy in the rheological sense is con- 
fined to suspensions having very small particles. (The data are in- 
conclusive in that it is possible that dilatancy might occur at higher 
shear stresses than have been studied experimentally in the systems 
containing particles of larger size.) The data also refute the theory of 
Freundlich and Roder* which suggests that suspending liquids of low 
viscosity are necessary. It is strange that dilatancy was not always 
observed in the most concentrated suspensions studied by other authors 
—although it is possible, it does not seem likely that the higher solids 
concentrations at which some investigators found dilatancy to dis- 
appear would be in a region of “dry solids” flow. A more likely 
explanation would seem to be that all investigators except a few of the 
most recent ones confined their work to shear stresses below those at 
which dilatancy might be expected in the more concentrated suspen- 
sions. 

In conclusion, it appears that this paper represents the first attempt 
to compile all the available quantitative data on dilatancy. In addi- 
tion, the conditions under which mere volumetric dilatation occurred 
were clearly shown to be quite separate from those under which di- 
latancy, in the rheological sense, first occurs, although the prior art 
makes no such distinction. 

Mechanisms were postulated for the Newtonian-pseudoplastic-— 
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Newtonian-dilatant shape of the flow curve of concentrated suspen- 
sions (as one moves from low to high shear rates). Since only few 
data are yet available which quantitatively support the proposed 
mechanisms, they are offered tentatively rather than as a well- 
developed, inclusive theory in the hope that they will be useful until 
further facts become available. 

The conditions under which dilatant suspensions fracture were 
studied quantitatively. While the data obtained were limited, they 
appear to represent the first quantitative study of this problem. 


This work was sponsored by the Office of Ordnance Research, U.8. Army. Mr. 
J. H. Peters arranged for a donation of titania pigment from E. I. du Pont de 
Nemours and Co. Equipment was made available by the Atlantic Refining Co. 
The authors are grateful for the support given this work by all three organizatiuns. 
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Synopsis 
The purpose of this work was to study the factors influencing the flow behavior 


of concentrated suspensions; particular emphasis was placed on study of the 
factors which determine the conditions under which dilatancy may occur. The 
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most important variables studied were solids concentration and viscosity of the 
suspending medium. 

It was found that the frequently quoted observation that dilatant non-New- 
tonian behavior occurs when a suspension has dilated volumetrically sufficiently to 
appear to be dry visually is not quantitatively correct. Instead, visual dryness 
was found to occur at shear stresses well below those at which rheological dilat- 
ancy, as determined by inspection of the flow curve, occurred. Rheological 
dilatancy was found to increase with increasing shear stress; at stresses only a few 
fold higher than those at which dilatancy first occurred the suspension was found 
to fracture. 

The ranges of the variables studied were: 


Viscosity of the suspending liquid 1-43 centipoises 

Solids concentration 0-64% by volume 

Shear rates 2-1,000 sec.~! 

Shear stresses 0.1-12 p.s.f. (50-6000 dynes/cm.’) 


Particle diameters were varied from 0.5 to 100 microns, although most of the 
work was carried out with the smallest particles. 
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Flow of an Incompressible Visco-Plastic Layer on 


an Inclined Plane 


P. R. PASLAY, General Electric Company, Schenectady, New York, 
and A. SLIBAR, Technische Hochschule Stutigart, Stuttgart, Germany 


INTRODUCTION 


Many materials, such as emulsions for coating and paint, can be 
characterized, to a first approximation, as an incompressible visco- 
plastic (Bingham) material.' This material at any point has zero 
deformation rate until a certain combination of stresses at the point 
exceeds a critical value. When flow occurs the ratios of correspond- 
ing reduced stress and strain rate components have the same value 
which depends on the excess of the stress over the critical stress 
necessary to initiate flow. 

Analytically, the behavior may be expressed as follows: 


VJ2 - *) 5 
VJs e 
dy = 0 if V Je < To 


where d,,; is a component of the incompressible deformation rate ten- 
sor. In Cartesian spatial coordinates x, with velocity components 


v;, dy becomes: 
1 Ov; Ov; ) 
dy = -| — — 
. ( Ox; + Ox; 
> 
VJs = ‘> SiS 
J 


is the positive square root of the second invariant of the reduced 
stress tensor. 


Qud i = ( if VJs => To 


(1) 


Also, 
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S, is a component of the reduced stress tensor. If o,, denotes a 
stress tensor component, then 


Sy -~ oe 3 by OKK 
K=1 


where 6,, is the Kronecker delta. 
nu and 7» are material constants (a viscosity and critical shear stress, 
respectively). 


™, 


Fig. 1. Geometry of system under consideration. 


The formulation of eqs. (1) was first proposed by Hohenemser and 
Prager? and later by Oldroyd.* 

The Appendix of this paper considers means of selection of suitable 
values of the material constants u and 7» for incipient flow from ex- 
perimental data. 


SOLUTION 


Figure 1 shovs the problem under consideration. The inward 
normal to the infinite plane is taken as the positive y-axis and is in- 
clined at an angle a to the gravity acceleration vector, g. The layer 
thickness is denoted by h. 
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The stress solution which satisfies the force equilibrium equations 
and, as will be shown, leads to a compatible flow field under the pre- 
scribed boundary conditions is given as follows: 


Orr = Cyy = C2zze = — pgy (COS a) 
Cry = —pgy (sin a) 
oz: = Gy, = 0 (2) 


where p is the mass density of the material. 
Substituting the stress field into the stress-deformation rate rela- 
tions, eqs. (1), yields one nontrivial set of equations as follows: 


Ov; . . | 
m ee = —pgy (sin a) + 7 if |pgy(sin a)| > 7 (3) 
y 
ov, - , 
Ove(y) = 0 if | pgy(sin a)| < Ty 
oy 


Integration gives 


ww, = — 5 poy" (sin a) + roy + C if |pgy(sin a)| > rt» (4) 


Vr = U% if | pgy (sin a)| < To 
Equation (4) shows that as long as 


y< —~— =i" (5) 
pg (sin a) 
the deformation rate is zero so that the region y = 0 toy = h* has a 
uniform velocity, vo, in the z direction. 
For values of 


y > h* (6) 


there is a finite velocity gradient. 

The above shows that, in general, two circumstances can occur: 

1. h S h* and, since v, = 0 at y = h because the material is 
assumed to adhere to the plate, no flow occurs. 

2. h> h* and flow will occur. 

For Case 2 the velocity v, is zero at y = A so that from the first of 
eqs. (4) there follows 


— 


Hv, = (sin a)(h? — y?) — ro(h — y) (7) 
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Fig. 2. Dimensionless critical thickness to initiate flow, h*, as a function of 
angle of inclination of plane to gravity force, a. 


The uniform velocity vo is given by the value of v, at y = h*, since 
the velocity field must be continuous, as 


1 ° . To" ) ( To ) 
= — s At —- ———__} - h- ——— 8 
- 2 eg (sin o( p’g’ (sin a)? bis pg(sin a) t) 


The volume flow, Q, past a unit width plane perpendicular to the x 
direction is given by 





h 
uQ = pr a reg + f. vy (9) 


or, in dimensionless form, by 


wQ_1h 1 (Fy 
rh? = 3h* 27 Bh (10) 








FLOW OF AN INCOMPRESSIBLE VISCO-PLASTIC LAYER 259 


1.2 














neg sina 


- 
-  s 


Fig. 3. Dimensionless volume rate of flow past unit width plane perpendicular 


to flow direction, Q, as a function of the ratio of the layer thickness to the critical 
layer thickness, h/h*. 


Figure 2 in dimensionless form shows the critical thickness h* as a 
function of the angle of inclination a according to eq. (5). 

Figure 3 in dimensionless form shows the volume flow rate past a 
unit width perpendicular to the flow direction as a function of the 
ratio of the thickness to the critical thickness to initiate flow. 


DISCUSSION 


By idealizing the behavior of a paint or emulsion as that of a 
Bingham plastic, the maximum layer thickness without “running” 
on an infinite flat surface can be predicted from material properties. 

The effect on the maximum layer thickness of varying the angle, 
a, of inclination of the plane to the gravity field is given in Figure 2. 
The practical significance of this is that an estimate of the change of 
inclination of the plane necessary to prevent running of a layer is 
possible. 
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For practical application of these results, experimental data must 
be carefully interpreted. The Appendix considers means of arriving 
at representative values of » and 7» to predict incipient flow. The 
necessity of reviewing the proper selection of u and 7» is because these 
material constants are not normally measured directly. The usual 
measurement is the “effective viscosity” as a function of shear rate. 


APPENDIX 


The problem of selection of the material constants » and 7» is con- 
sidered here. The usual way of representing data for many paints 
and emulsions is to report values of “‘effective viscosity” as a function 
of some parameter associated with rate of shear. This implies that 
equations valid for Newtonian viscous flow are used to calculate an 
equivalent viscosity for each reading. Obviously, for a Bingham 
material, the “effective viscosity” will not be independent of shear 
rate. The means of selecting » and 7» for incipient flow from “effec- 
tive viscosity’~shear rate data suggested here is to predict “‘effec- 
tive viscosity”’ dependence on shear rate for a Bingham material and 
then to match these predictions to the data. Three cases of pre- 
dicting ‘‘effective viscosity” dependence on shear rate are given be- 
low: 

1. For parallel plates separated by a layer of material of constant 
thickness h, and moved with a constant relative velocity v, the solu- 
tion for the required shear stress for a Bingham material is (say + 
versus v is measured), 


r=ntur ife>O (A) 
The “effective viscosity” is: 
effective viscosity = rh/v (A.2) 
and by eliminating r between eqs. (A.1) and (A.2) 
effective viscosity = up + (rh/v) (A.3) 


The best fit obtainable to the experimental data at low shear rates 
gives the desired value of » and 7» for predicting incipient flow. 

2. For a rotation viscometer with fixed outside cylinder, outer 
radius ro, and inside radius r,, the Bingham material slow flow solution 
gives‘ (say the moment M and angular velocity w are measured): 
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M fr? , , 
—~—1})=mllog—)}) + uo if M > 2axloror,? (A.4) 
Anlr,?\r? r 
where Jy is the length of the cylinders. 

The effective viscosity is: 


M (= _ 1) 
re 


effective viscosity = = 


(A.5) 


4 mlor, a) 


Eliminating the moment M between eqs. (A.4) and (A.5) gives: 


. . . To To 
effective viscosity = u + (tog ) (A.6) 
Ww 


r% 


Again, as for Case 1, u and 7» are selected so that the prediction of cq. 
(A.6) matches experimental results for low shear rates. 

3. The last case considered here is capillary flow in a long cylinder 
of inner radius R subjected to a pressure gradient (Ap/l). The 
volume rate of flow Q resulting from this loading is® (say Ap and Q are 
measured) 


ApR = °( ol? ) 8Q : 2rol ~ 
0-2 (Ap) *R® + yu Ri if Ap > R (A.7) 





eS a R 
The nonlinearity in 7) arises because there is a “plug” in the center of 
the pipe with rigid body motion, and the size of this “‘plug” depends 
on To. 
The effective viscosity for the capillary is given by: 


effective viscosity = rR‘*Ap/8Ql (A.8) 


Eliminating Ap between eqs. (A.7) and (A.8) gives 








ee ae mr tol \* ‘ 
effective viscosity = » + 30 [1 2 (=) | (A.9) 


Equation (A.9) is used to select » and 7» for incipient flow calcula- 
tions so that experiment and theory agree for low shear rates. 
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Synopsis 
The complete solution, stresses and velocities, of the flow of a Bingham plastic 
on an infinite flat plate due to gravity forces is given. This solution has practical 
application in emulsion coating and paint technology. Selection of appropriate 
material constants for incipient flow from experimental data is discussed in the 
Appendix. 
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The Capiilary Experiment in Rheology* 


WLADIMIR PHILIPPOFF and FREDERICK H. GASKINS, 
The Franklin Institute, Laboratories for Research and Development, 
Philadelphia 3, Pennsylvania 


INTRODUCTION 


The use of the flow through a cylindrical tube for the measurement 
of the viscosity of liquids was introduced by Poiseuille' in 1840 and 
has been used ever since. However, recently we have come across 
phenomena that show how careful one must be when utilizing this 
well-known experiment for the determination of the rheological prop- 
erties of viscoelastic liquids. This led to a re-evaluation of some of 
the fundamental principles of rheology that have been generally 
accepted during the past 30 years. In the present paper we give a 
systematic survey of the problems involved in the flow of viscoelastic 
liquids through a cylindrical (capillary) tube. 


THEORY FOR NEWTONIAN LIQUIDS 


From Poiseuille’s experiments, assuming Newton’s law of flow, 
Wiedemann? (1856) calculated the so-called “Poiseuille Law.” In 
the calculation it was assumed that the applied pressure is held in 
equilibrium by the viscous loss in the shearing layers of the liquid in 
the capillary. Explicitly stated, the exterior pressure is counter- 
balanced exclusively by the viscous loss inside the tube. This con- 
dition of equilibrium, that has been widely used in rheology, sub- 
sequently leads to the classical formula for the shear stress at the rim 
of the capillary: 


oe 
ae 


where FR and L are the radius and length of the capillary and pr is 
the applied pressure difference across the ends of the capillary. 


(1) 


* Part VI of a series, “Flow Birefringence and Stress.’’"""~" 
263 
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However, it was well known that all of Poiseuille’s experiments (as 
well as Hagen’s') could not be described by ‘“Poiseuille’s Law.” 
The reason for this behavior of normal liquids was the kinetic energy 
imparted to the liquid leaving the capillary at higher flow velocities. 
This meant that part of the energy determined by the pressure and 
volume of flow per second, Q, was destroyed outside the capillary and 
converted into heat. This led Hagenbach* (1860) to introduce the 
“kinetic energy correction” to Poiseuille’s Law by subtracting the 
kinetic energy of the emerging liquid from the pressure drop across 
the ends of the capillary. If we call pr the total pressure, p, the pres- 
sure held in equilibrium inside the capillary, p the density of the liquid 
and v = Q/xR? the mean velocity of flow, we can then write, with m 
a constant coefficient: 


Pr = DP. + mpv* (2) 


This equation results directly from the energy balance cancelling Q 
from both parts of the equation. Both Hagenbach and Boussinesq‘ 
calculated the value of m for the normal parabolic distribution of veloc- 
ity across the capillary radius; the final value generally accepted is 
m = 1.12 (see Riemann*) instead of the value of '/, which should be 
the case for a uniform velocity across the capillary. This treatment 
is adequate for Newtonian liquids under such pressures that the vis- 
cosity rise with hydrostatic pressure can be neglected and the energy 
loss inside the capillary does not lead to a measurable heating of the 
emerging liquid. Both these complicatirz phem.mena exist and are 
important in the case of very high rates of shear with Newtonian 
liquids such as lubricating oils. 

Of course a liquid flow cannot be supposed to terminate abruptly 
either at the geometrical entrance or in the end section of the cylin- 
drical tube; it will continue outside and distort the flow on the inside 
near the end. The entrance contribution is generally termed “the 
end correction” or “Couette correction.’* Schiller’ (1932) determined 
l, the length necessary to accelerate a (Newtonian) liquid of viscos- 
ity 7 so as to obtain stationary laminar flow: 


l = 0.037 Qp/n (3) 


A numerical evaluation of this expression gives exceedingly small 
corrections to the length of the capillary, which can usually be neg- 
lected within the precision of the measurements, especially for the 
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long tubes, of R/L = 1/100 or less, used in viscometry. The Couette 
correction, n (see below), was experimentally determined for New- 
tonian liquids by Dorsey*® to be n = 0.57 [see eq. (14) ]. 


THEORY FOR NON-NEWTONIAN LIQUIDS 


For non-Newtonian liquids, whose viscosity is different for each 
shearing stress, the mathematical calculations have been made by 
Weissenberg® and reported numerous times in the literature. Start- 
ing from an arbitrary function—the rate of shear, dv/dr, vs. shearing 
stress, r: 


dv/dr = f(r) (4) 


and assuming that the applied pressure is held in equilibrium in the 
capillary, the liquid being sheared in concentric cylinders (laminar 
flow) and no slippage occurring at the wall (same assumptions as 
those used by Wiedemann’), Weissenberg obtained the well-known 
equation: 


dv/dr = 3/, D a 1/, TR (dD/drp) (5) 


The quantity D introduced here is usually called “‘the mean rate of 
shear”; this must be discussed in some detail. The primary quan- 
tity measured is, of course, Q. In the case of a Newtonian liquid the 
viscosity is constant under all conditions. However in the non- 
Newtonian liquids it is quite important that the shearing stress and 
the rate of shear be referred to the same point of the material. Using 
this idea, inserting eq. (1) for the shear stress at the wall into Poi- 
seuille’s Law, and defining the viscosity according to Newton as 
Tp/ (rate of shear), one obtains without further calculation: 


D = (4/x)(Q/R’) (6) 


for the rate of shear at the wall for a Newtonian liquid, the point at 
which the maximum shear stress rz is calculated. Physically speak- 
ing, we calculate the rate of shear at the wall from the integrated value 
of the velocity across the whole capillary cross section, Q, assuming 
Newton’s law or, what is identical, a parabolic distribution of veloc- 
ity over the radius. Weissenberg’s differential eq. (5) allows us to 
calculate the rate of shear at the wall from the integrated velocity 
which does not have a parabolic distribution. As the ranges of vari- 
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ables used in the investigation of viscoelastic liquids are quite large, 


it is usual to plot log D vs. log rz (flow curve). Under these condi- 
tions eq. (5) becomes: 


dv N+3, N+3Q . 
dr 4 _ « R ”) 

with N defined as the slope of the curve: 
N = (d log D)/(d log r) (8) 


The value of D as defined in eq. (6) for viscoelastic non-Newtonian 
liquids is therefore not the true rate of shear at the wall of the capil- 
lary, which should be calculated according to eq. (5) or (7), but a some- 
what smaller value. Equation (7) obviously corrects D to the true 
value at the wall of the capillary, the same point where the shear 
stress is calculated according to eq. (1). 

The use of the so-called Kroepelin” equation for the “mean rate 
of shear” G, 


G = (8/3) (Q/#R*) (9) 


does not seem, therefore, to have any advantage over D for Newton- 
ian liquids and has as little physical sense as D for non-Newtonian 
liquids. In many cases, when N ~ 1, the correction calculated from 
eqs. (5) and (7) can be disregarded within the experimental precision. 
It is not important in the comparison of capillaries of different sizes 
which at the same rate of shear have a correction independent of their 
dimensions. However, in comparing different modes of flow, such 
as rotational and capillary viscometers, the correction is important 
for strongly non-Newtonian liquids (N > 1). 


CORRECTION FOR ELASTIC ENERGY 


In our previous publications''~" we believe that we have proved 
beyond a reasonable doubt that flowing viscoelastic liquids have a 
measurable elastic potential energy in stationary flow. This elastic 
energy was first introduced by Herzog and Weissenberg" in 1928 and 
has been discussed by these authors extensively since that time. It 
was also discussed at length by Garner, Nissan, and Wood” in 1950. 
A measure of this elastic energy per unit volume, as has been shown 
especially in our latest publication," is the product of the shearing 
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stress + and the recoverable shear s, called the “normal stress,” 
Py, which is a constant for each rate of shear: 


Py = 78 (10) 


This ‘normal stress” acts as a “pull’’ or tension in the direction of flow. 
In the case of a rotational viscometer, after application of a constant 
torque the deflection of the inner cylinder increases until the rate of 
increase with time becomes constant (stationary laminar flow). If 
we assume that the streaming viscoelastic liquid acquires an elastic 
energy in steady flow, this elastic energy remains constant with 
time; the outside force supplies only the additional energy required 
for overcoming the viscous resistance or energy loss. 

In the capillary, however, the elastic energy is imparted to the 
liquid at the entrance of the capillary and is carried out of the capil- 
lary by the flowing liquid. It is then dissipated outside the capillary 
(in a manner not to be described here) much in the same way as the 
kinetic energy discussed previously. Herein lies the fundamental 
qualitative difference of the capillary and rotational viscometers for 
viscoelastic liquids. The energy balance for the capillary can be 
written us: 


PrQ = p.Q + mpv’Q + E (11) 


where £ is the elastic energy transported out at the capillary, in ergs. 
Dividing by Q we obtain, similarly to eq. (2): 


Pr = Pe + mpv? + E/Q (12) 


E/Q is the mean elastic energy in ergs/cc. or dynes/cm.? or, for that 
matter, the “axial nermal force, Py.” Assuming as a first approxi- 
mation (which we know is not completely right) that p, is a constant 
over the capillary area and that (P,), is the normal force at the rim 
of the capillary, we can write 


Pr = Pe + mpv*® + (Pure (13) 


At a constant rate of shear, D, assuming the viscous flow to occur 
in concentric cylinders along the whole length of the capillary, we can 
express p, through the “shear stress’’ r,, at the radius R of the capil- 
lary. Any reali “geometrical end correction” wouldincrease the active 
length of the capillary by ’L = nR. n is termed the “Couette Cor- 
rection.””* 
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2(L + éL) 2(L + nR) 

Pe tg tet (14) 

Similarly we can formally calculate the “total or apparent shear 

stress” ry from the dimensions of the capillary and the applied pres- 
sure pr: 

Pr = (2L/R) tr (15) 


rr is not an experimental shear stress, but a mathematical reference 
quantity. Furthermore, at the radius R [see eq. (10)] (with s, 
the recoverable shear at radius R): 


(Pu)e = Ter 8 (16) 

We can rearrange eq. (13) to obtain: 
R 8 R ~ 
ma efst(sg)ene 


Similarly, for r = R, eq. (13) can be rewritten as: 
2L 
Pr = Ter E + 2n + sn | + mpv* (18) 


We have in practice calculated the “kinetic energy correction,” 
mpv*, and used a “corrected pressure,”’ Deorr (Deore = Pr — mpv". 
Then eq. (18) can be written as: 


2L 
Pcorr = Ter CG + 2n + sn) (19) 


Equations (18) and (19) are independent of the particular velocity 
distribution in the capillary due to their being the result of a force 
equilibrium. 1, is the corrected shear stress at the wall taking into 
account both the geometrical end effect and the elastic energy. 

Both equations are linear functions of R/L and L/R, respectively. 
They lead to intercepts on both coordinate axes and a slope. In 
Table I these quantities are tabulated. For each rate of shear we 
have assumed above that Py is dependent only on the shear stress 
t-x or the rate of shear. Therefore, investigating r, and pr at a con- 
slant rate of shear for capillaries of different ratios of R/L we can cal- 


culate 7,2 and (n + ‘s) and therefore have in principle the possibility 
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TABLE I 
X-intercept Y-intercept Slope 
R 
rT = f(R/L) ( ) = (tr) L—« = TcR TerIN + (sp/2)] 
L tT, 0 
asin 
n + (8p/2) 
Pr=f(L/R) (L/R)p,-0 = (pr)i—o = 2r.p 
—[n + (8p/2)] T-R(2n + 8p) 





of measuring Py from a capillary experiment. The complete dis- 
cussion of the physical significance of these equations will be given 
later. 

We know that p, is not independent of r. However, the exact 
calculations of the condition are very elaborate and not yet complete. 
We have presented this very approximate treatment to convey the 
general idea; in a later paper the exact calculation will be given. 


ELASTIC DEFORMATION IN THE CAPILLARY 


It is well known that the relation between the rate of shear and shear 
stress for a viscous liquid leads to a field of flow that is identical with 
the distribution of the elastic shear of a Hookean body stressed by the 
same shear stress. The equations for the shear stress are identical 
for both cases and the equations for the shear strain s result from the 
ones for the rate of shear by substituting the volume of deformation 
V for the volume of flow per second Q. Therefore if an elastic body 
such as a gel is put into a capillary and stressed hy a pressure differ- 
ence across the ends of the capillary, the elastic deformation over the 
radius forms a parabola analogous to the parabolic distribution of the 
velocity over the radius observed in laminar flow. From this rela- 
tionship the shear at the wall can be easily calculated to allow the 
measurement of the shear modulus knowing the shearing stress at the 
wall in eq. (1). This leads to the equation for the shear modulus G 
if we measure the total volume V displaced by the pressure analogous 
to the Poiseuille equation: 


G = xppR*/8VL 





(20) 
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Similarly the shear at the wall sz is calculated as 
8p = (4/xr)(V/R*) (21) 


If, however, we measure the maximum axial displacement 2» along 
the axis of the capillary under pressure, the equation for the shear at 
the wall sp becomes:" 


8r = 22/R (22) 


The last equations, especially (21) and (22), can be used for measur- 
ing the recoverable shear s using the capillary viscometer, and there- 
fore the normal stress can be calculated through eq. (10). 

In this connection it is important to give a precise definition of 
what we have called, in this and our previous articles, recoverable shear, 
s. If a viscoelastic system is stressed in any of the geometries suit- 
able for the measurement of viscosity such as cone and plate, con- 
centric cylinders, or capillary, the force is applied primarily as a 
shear stress. The elastic energy per unit volume is given by the prod- 
uct of force and deformation. In the case of the geometries dis- 
cussed, by using rigid walls, all elastic deformations of the test body 
except the elastic shear deformation are eliminated. When the 
source of the shear stress is removed, the normal stresses can exist, 
but their elastic energy is zero due to the fact that they have not led 
to elastic deformations. (See definition of Weissenberg,'* quoted 
in ref. 13.) Therefore the elastic energy recovered is exactly equal 
to the elastic energy put in. 


DISCUSSION 


The equations mentioned above are not new; however, a correlated 
discussion of them appears to be novel. The existence of an end effect 
in the capillary flow of Newtonian liquids is well known. It led 
Erk™ to design a “normal viscometer’ in which the indeterminate 
end correction (as well as the kinetic energy correction) is eliminated 
from the measurement by using two capillaries of the same diameter 
but different lengths in series. From pressure measurements includ- 
ing the junction point, the pressure gradient pr/L is calculated. In 
the actual practice of viscometry, direct microscopic measurement of 
length and diameter usually does not lead to adequate precision. One 
has to resort to one single exact measurement (i.e., the length) and 
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calculate the radius by using a standard calibrating liquid such as 
water. The radius cannot be measured exactly enough for real 
capillaries, as they cannot be expected to be uniform along the bore. 
The radius so calculated obviously includes the end correction for 
Newtonian liquids. This value may or may not be the same for non- 
Newtonian liquids. However, the fact that in many cases a r—D 
curve gives (within experimental error) a single plot independent of 
the dimensions of the capillary shows that this method can often be 
correct. From eq. (18) it is directly seen that long capillaries 
(L/R ~ 100), especially, when calibrated in the way outlined above, 
make the influence of n and s negligible. rr is essentially equal to 
ter. This is practically the case for the solutions of cellulose deriva- 
tives described in the accompanying paper™ and for the numerous 
“flow curves” published. However, for liquids that have s = 10- 
100 this correction is important. Examples of such liquids seem to 
be the solutions of aluminum soaps in hydrocarbons and polyisobutyl- 
ene solutions at high rates of shear as well as molten polyethylene. 
Equations (17) and (19) require a linear plot of rz or por, as a fune- 
tion of R/L er L/R, as has been stated. However, this is only true 
when the properties of the material do not change during the flow in 
the capillary. This condition is very difficult to analyze mathemati- 
cally; we therefore resorted to experimentai measurements to inves- 
tigate the <ituation. 


EXPERIMENTAL CHECK OF THE THEORY 


We were fortunate in having some recently published experimental 
data that seemed to prove our point. We have carried out additional 
measurements on other materials which have confirmed the results 
described. 

The investigations of Bauer and Weber”! have shown that the prop- 
erties of aluminum dilaurate solutions in toluene do not give a uni- 
form r—D curve at different ratios of R/L. They referred to this as 
the “end correction.” They then replotted their values as shown in 
Figure 1, where the apparent shear stress r; is plotted over R/L 
following eq. (17). For the six values of D investigated, each curve 
is a straight line between the limits L/R = 20.9 to L/R = 1,021 
independent of the value of R, as predicted by eq. (17). These very 
painstaking experiments with a considerable number of tubes prove 
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Fig. 1. Bauer and Weber’s experiments on aluminum dilaurate in toluene at 25°C. : 
plot of r7 vs. R/L [see eq. (18)] at stated values of D. 
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Fig. 2. Bagley’s experiments on polyethylene B at.190°C.: plot of pr vs. L/R 
[see eq. (19)] at stated values of D. 


conclusively, in our opinion, that for the aluminum dilaurate solu- 
tions, at least, eq. (17) is valid. 

The evaluation of the x-intercept gives a value of n + (s,/2) ~ 
133, which is approximately constant in the whole range of D inves- 
tigated. Neglecting n we obtain a value of sg ~ 260. Mathemati- 
cally, we cannot decide if this large value of s is at all physically pos- 
sible. We will discuss this subsequently. The plot of 1,2 vs. D, 
gives a value of D independent of R/L as it should. 

Bagley” investigated molten polyethylene in a capillary viscometer 
using values of L/R = 0 to 29.69 (L/R = 0 being a sharp-rimmed 
orifice). He plotted bis values as pr vs. L/R as required in our eq. 
(19), and got straight lines in all cases, as seen in Figure 2. This 
shows very clearly that the state of flow along the capillary length is 
the same at L = 0 as at L = 29.69R. This means that the “end 
effect” for non-Newtonian liquids influences only the liquid outside 
the capillary. His evaluation of these measurements gave values of 
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n + (8/2) = 2.5 to 9.75, depending on the material and the rate of 
shear. Again his plot of 7.2 vs. D gave a curve independent of the 
ratio L/R for various R and L. 

Tordella”* published flow curves of polyethylene with L/R = 1.78 
to 32. An evaluation of his data at constant D also gave a straight 
line, within the precision of measurement, when 7,2 was plotted vs. 
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Fig. 3. Plot of py vs. L/R for jellied gasoline A at 25°C. at stated values of D. " 
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Fig. 4. Deformation-recoil vs. time for jellied gasoline A at 25°C. Tube diam- 
eter: 0.5in. Tube length: 12in. Shearstress: 139 dynes/cm.*. Rate of shear: 
D = 8.45 X 10~-*sec.~'. Recoverable shear: jore effect (deformation), s = 0.42; 
recoil, s = 0.45. 


Measurements on a gasoline jellied with an aluminum soap (A) 
in Figure 3, investigated with three capillaries with L/R = 500, 
120, and 5, gave straight lines when pr was plotted vs. L/R at con- 
stant rates of shear. 

Recoil measurements performed with the same material as above 
using a '/, inch diameter tube, 12” long as a “capillary” and a sensi- 
tive volume-measuring device gave the time-volume curve shown in 
Figure 4. Similar curves have been obtained and published by Bauer 
and Weber. However, they measured only the “fore-effect”’ (i.e., 
the phenomena occurring after application of pressure), whereas our 
measurements include both the fore- and after-effects (recoil, after 
the pressure is removed.) From these measurements we can evalu- 
ate 8g, using eq. (21) and from it Py, [eq. (10) }. 

We measured the above solution in the same way as described in 
a previous publication.“ The recoil was measured directly in the 
rotational viscometer. In eq. (21) we have the relation between s 
and V, which is identical to the one between D and Q. Similarly in 
the rotational viscometer : 


8 = 29/(1 — c’) (23) 


where ¢ is the angle of recoil (in radians), and c = R,/Rp, the ratio of 
inner to outer radius of the concentric cylinders. The normal stress 
Py was measured in the Weissenberg Rheogoniometer and evaluated 
ass = Py/Py», (Note: Py» =r). In the birefringence instrument we 
measured the extinction angle, x, at the same rate of shear and deter- 
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Fig. 5. Recoverable shear strain vs. shear stress for jellied gasoline A at 25°C. 


mined s = 2 cot 2x. From all the measurements on jellied gasoline 
we compiled a curve of s vs. r that in the case of Hookean behavior 
should be a straight line. Figure 5 shows this plot. The lower por- 
tion of this plot, up to a shear stress r = 100 dynes/cm.?, is essen- 
tially a straight line with a 45° slope: Hooke’s Law in shear. From 
about r = 100 to 1000 dynes/cm.? the deformation increases less than 
proportionally to +; from 1000 to 2000 dynes/cm.’ s increases by 
nearly a factor of 100 and then continues to increase somewhat be- 
tween r = 2000 to r = 10,000 dynes/cm.*. This general picture is 
assembled from a variety of measurements. In the lower range of s 
the recoil values measured in the rotational] or capillary viscometers 
are substantially equal. In the range of r = 100 to 2000 this par- 
ticular material has two limits of stability: a lower one that is essen- 
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Fig. 6. Recoverable shear strain vs. shear stress for solutions of polyisobutylene 


in decalin at 25°C. 


tially described by the “fore effect” of the rotational and capillary 
viscometers, the birefringence tester, and the Weissenberg Rheogoni- 
ometer; and a higher level of s determined by the recoil in both vis- 


cometers. 


In the range of 500 to 1000 dynes/cm.? the measurements with capil- 
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laries of different lengths were evaluated at a constant rate of shear, 
using eq. (19) and putting n = 0. The measurements show a large 
amount of scatter which is primarily due tc the particular type cf 
material investigated, which showed a considerable amount of recover- 
able shear, s, but is also unstable as is evidenced by the two regions 
of stability. From Figure 5 we see that s values above 100 computed 
in the way outlined above are found with several instruments, espe- 
cially recoil in the rotational viscometer, birefringence tester, and 
capillary length effect. This gives a physical significance to these 
large values of s, especially considering that Bauer’s measurements on 
a different material gave a similar value of s. 

The measurements on polyisobutylene solutions reported were 
performed with two capillaries, which showed a displacement between 
measurements at the same rates of shear for two different R/L values 
in the high rate of shear range. The evaluation of these results 
(adding a new series of measurements with a shorter capillary for the 
5% solution) using eq. (19) gave values of s ~ 200 that have been 
plotted on the same plot (Fig. 6) of s vs. r reported before. They 
extend the range of measurable s values to considerably higher + 
values and merge satisfactorily with the previously reported values 
of s measured with either the birefringence tester or the Weissenberg 
Rheogoniometer. 


CONCLUSIONS 


The theoretical developments, together with the experimental 
results reported above, show what appears to be the possibility of an 
elastic energy in steady flow through a capillary, which infiuences 
the properties of viscoelastic bodies in an unexpected way. From 
the experimental results on the aluminum soap solutions and molten 
polyethylene it is seen that eqs. (18) and (19) have been proved cor- 
rect within the whole possible range of capillary lengths from 0 to ©. 
The straight-line relationships are at least a good confirmation that 
the capillary flow does not change along the axis of the capillary after 
the entrance section has been passed. As has been mentioned by 
Bagley,”* this also means that the time of transit through the capil- 
lary, which has been discussed by Smith,” is of no importance for the 
flow of viscoelastic liquids. As the flow pattern iscompletely developed 
at the entrance of the capillary it is obvious that the velocity profile 
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is the same at the entrance and along the capillary length. This leads 
to the conclusion that eq. (7), which allows us to calculate the rate 
of shear at the wall, is applicable also at the entrance of the capillary 
and has a more general meaning than the shear stress calculated 
according to eq. (1). Obviously the rate of shear in a sharp-edged 
orifice can be calculated from the volume of flow Q with the same pre- 
cision as has been done previously in the flow through long capillaries. 
This is a very unexpected conclusion, but Bagley’s experiments as 
well as our own seem to have proved it conclusively. The volume 
element at the rim of a sharp-edged orifice has a shear stress r which 
is determined by D taken from a separately measured flow curve (D 
V8. Tg) using long capillaries. However, the calculated r7 for a sharp 
orifice is determined not by the length L which is 0, but by the quan- 
tity n + (8/2). 

In the development shown [especially in eqs. (18) and (19)], we 
see that the geometrical end correction, n, in terms of the radius is 
always added to the recoverable shear at the wall, sg/2. From capil- 
lary experiments alone we cannot possibly distinguish between a large 
n or a large 8g. Only further experiments of the sort described here 
with the Weissenberg Rheogoniometer, the recoil in the rotational 
viscometer and/or the birefringence instrument, all used at the same 
rate of shear, allow us to distinguish between these two quantities. 
They obviously measure only sz and are not influenced by n. The 
results presented here seem to indicate that n, in the particular cases 
where the correction has to be made, is negligible as compared to sp, 
making it possible to measure the normal stress Py, in a capillary 
experiment. It has been stated before that the whole correction is 
only important when (n + (s,/2)) (R/L) becomes comparable to 
unity. This means practically that only for values of [n + (sp/2)] 
of 10-100 and more is the correction necessary for long capillaries. 
However, in Bagley’s experiments with short capillaries (small values 
of L/R) considerably smaller values of n are important. With such 
small values we probably cannot disregard n in comparison with 
8/2, but measurements of s under the same conditions have not yet 
been made. 

This discussion of the short orifice is directly pertinent to the prob- 
lem of extrusion of plastics through dies where the length is comparable 
to the diameter. It seems that the normal stress P;, makes the great- 
est contribution to the resistance to flow, the viscosity having a second- 
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ary effect. This gives a direct practical significance to Py which 
has until now been considered somewhat of a scientific curiosity. Of 
further importance is the fact that + and Py have different types of 
dependence on D (as s is not necessarily a linear function of either r 
or D) so that flow curve results are not directly applicable to extru- 
sion through short dies. 

The foregoing discussion applies only to the conditions inside the 
capillary. In a future paper, a discussion of what takes place both 
before and after the liquid passes through the capillary will be given. 

The theory outlined above has shown that the transition from New- 
tonian to non-Newtonian flow in a capillary requires three corrections 
to Poiseuille’s law: 

(1) The correction for the rate of shear at the wall [eq. (7) of 
Weissenberg]}. 

(2) The correction for the shear stress in the capillary due to the 
combined geometrical length effect and normal stress in eq. (18). 

(3) The correction for the kinetic energy of the emerging liquid. 

The experimental data seem to show that no further corrections 
are necessary for these phenomena. 

The investigation of the solutions mentioned above showed that 
even for moderate N, such as for molten polyethylene, an end correc- 
tion has to be applied; whereas in the case of the formerly reported 
nitrocellulose solutions, even very large values of N did not require 
it. We know in this case by direct measurement that s was small. 
Therefore attributing the large end corrections to the recoverable 
shear (sg) seems to be plausible. It seems from our results that s, 
is more important than n. The use of nm values up to 100 as men- 
tioned by Bauer seems improbable, as they become in some cases 
larger than the geometry of the viscometer allows. 

The experimental proof of the theory presented above does not 
seem to be complete in all details. However, it is enough to prove 
a great probability of its validity and should lead to further exact 
determinations on more suitable materials. 

The experimental results given here show very distinctly the 
importance of the recoverable shear s introduced by Weissenberg 
as a measure for the “anomalous behavior’ of viscoelastic materials. 
Using eq. (10) we see that s determines the ratio of the normal stress 
to the shear stress. Normal liquids have s = 0 and no normal 
stresses. Most polymer solutions have s ~ 1: both normal and shear 
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stresses are of about the same magnitude; normal stresses can be 
measured (see the results on ethylcellulose solutions in ref. 28) but 
they do not dominate the conditions in steady flow. However, in the 
case of molten polyethylene and aluminum soap solutions, where 
values for s reach 10 to 100, the normal stresses dominate the whole 
behavior of the material and in the limit the viscous contribution 
to flow becomes unimportant. We see therefore that the suggestion 
of Weissenberg” is borne out by the results quoted: s in steady shear 
is indeed a good nondimensional parameter for describing the “‘anom- 
alous”’ viscoelastic flow behavior of materials. 


SUMMARY 


It is shown that the elastic potential energy of the emerging liquid 
in a capillary experiment leads to a new kind of correction. The 
“end correction” is increased by '/; the recoverable shear sz. The 
implications arising are discussed and compared with available experi- 
mental results. 


APPENDIX I 


In ref. 13 we quoted Rivlin and Mooney regarding the calculation 
of the stresses in finite elongations. The equation used by both 
authors was (referring to the deformed state) : 


1 > (OW/ OA1) dads 


with , the principal extension in Cauchy measure, \ = deformed 
length/initial length, and W = the strain-energy function. 
For incompressible materials \;\2\; = 1 and 


a; = 4(OW/Od,) 
This is however identical with 
o, = OW/d" 


with A,” = In \,, the deformation in “Hencky-measure.” This may 
be compared with the classical definition : 


a, = OW/dr, 
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Reiner® quotes a number of “deformation measures” for finite de- 
formations. For the case discussed above, having one single shear 
modulus G, we obtain the following identity for the principal stresses 
o;, a8 a function of the principal extension A, in Cauchy measure (the 
formulation with J, according to Rivlin): 


a; = (OW /OA,) = OW/ODAY* = OA? (OW/DI;) 
—p=26A\f = GrAZ —- p 
where: 
I, = the strain-invariant = \,? + dA»? + A;? 
X? = (dy? — 1)/2 = deformation in “Green-measure”’ 


We see that \” and J, are directly related to W whereas \° occurs in 
the tensor-equation. This simplest possible case applies to experi- 
mental results as we have shown in our publications. [In ref. 13 
an error occurred: C, = (G@ + H)/4, not (G + H)/2.) 


APPENDIX II 


Cerf™ introduced the quantity w (which was also called “the intrin- 
sic orientation constant”’ by Peterlin”) by the relation: 


(= *) 
o = | — 
D /p-—+o 


In order to connect it with the calculations published in ref. 12, we 
calculate it in other terms: (m = “initial viscosity” at D = 0) 


a... O...- Pa 
G/ p+» T/ D—9 nD D—0 


a ? tan 2(45 — 2] ba 4w 
D—0 


noD no 








aril 


We therefore see that w has the dimensions of a relaxation time. 
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Synopsis 


In previous publications we have shown that the potential energy in flow can be 
calculated from the applied shear stress, r, and the “‘recoverable shear,” s. Here 
the concept of a potential elastic energy existing in a liquid emerging from a capil- 
lary gives a means of determining s from the predicted and experimentally-found 
linear relationship between + and the L/R ratio. With polyisobutylene solutions 
the calculated recoverable shears correlate satisfactorily with the measurements 
previously reported. This condition of potential energy in flow has also been 
noted with molten polyethylene and solutions of aluminum dilaurate. 
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The Rheology of Various Solutions of Cellulose 
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WLADIMIR PHILIPPOFF, The Franklin Institute, Laboratories 
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and E. G. LENDRAT, American Viscose Corporation, 
Marcus Hook, Pennsylvania 


1. INTRODUCTION 


In the past there has been some controversy over the relative merits 
of various geometries in the measurement of the viscosity of non- 
Newtonian materials. The purpose of the work described here was 
to show that different geometries and loadings give the same results 
when the data are treated properly. This was done with a number of 
solutions of cellulose derivatives which are non-Newtonian materials. 

Also, recent publications'~* have shown a correlation between 
“normal stresses’ as measured by a Weissenberg Rheogoniometer and 
the optical extinction angle as measured in a birefringence instru- 
ment. This correlation was also checked in a wide range of rates of 
shear using solutions of cellulose derivatives. The solutions used 
did not exhibit the considerable recoil in the rotational viscometer 
at low rates of shear that was reported for the very high polymer nitro- 
cellulose solutions. 


2. MATERIALS USED 


A. The ethyl cellulose was a commercial grade N-100 supplied 
by Hercules Powder Co., Wilmington, Delaware, and the cyclohex- 
anone was supplied by Eastman Kodak. This 11% solution was ho- 
mogenized on a roller mill for two weeks and filtered through a 200- 


* Part VII of a series, “Flow Birefringence and Stress’’ **.5,14,15,16 
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mesh screen. It was not so homogeneous as solutions of cellulose 
derivatives generally are, but still had no noticeable yield value. 

B. The 1.7% solution of carboxymethy! cellulose in water was 
supplied by the Army Chemical Center, Edgewood, Maryland. 
This is the same material used by Gill and Gavis* in their investiga- 
tion of the tensile stress in jets of viscoelastic fluids. 

C. The viscose solutions were supplied by the American Viscose 
Company, Marcus Hook, Pennsylvania. 


3. INSTRUMENTS USED 


The instruments used in these investigations have been described 
in the literature, either partially or fully. A more detailed descrip- 
tion of the first-mentioned instrument is given below. They vary in 
geometry and type of loading. We used (/) a coni-cylindrical (ro- 
tational) viscometer which has a constant shearing stress; (2) a 
Ferranti-Shirley viscometer’ which is a cone and plate instrument 
having a constant rate of shear; (3) a high pressure capillary viscom- 
eter® which gives a constant shearing stress; (4) a McKee Consistom- 
eter‘ which is a capillary instrument driven at a constat rate, the 
pressure being measured; (5) a Weissenberg Rheogoniometer* which 
is a cone and plate instrument giving a constant rate of shear; (6) a 
birefringence instrument’ with a constant rate of shear; and (7) the 
dynamic tester of the Franklin Institute® which has a constant fre- 
quency. The Weissenberg Rheogoniometer differs from the Fer- 
ranti-Shirley instrument in that it measures the force normal to the 
plate as well as the shearing stress. 

The coni-cylindrical rotational viscometer used in the work is pic- 
tured in Figure 1. The coni-cylindrical design as first developed by 
Mooney and Ewart" was modified so that the bob has the shape of a 
cylinder with two end cones instead of one, giving a constant rate of 
shear in the whole viscometer. Thus the whole cup was filled with 
the material to be investigated. The bottom cone rests on a bearing 
in the stationary cup consisting of a carboloy point on a hardened steel 
bearing surface. The cup has a 25.4 cm. diameter which determines 
a large shearing area. The hollow bobs will float in the materials to 
be investigated so this upward force must be counteracted by adding 
a weighted ring to the shaft. Proper adjustment of the weights keeps 
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Fig. 1. Assembly drawing of rotational (coni-cylindrical) viscometer. 
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the friction low and this together with the large shearing area allows 
measurements at very low shearing stresses (0.1 dyne/cm.*). The 
shaft from the top of the bob has a pulley with a degree scale etched on 
it, which allows a force to be applied by using weights over pulleys in 
the usual way. The shaft is held above the pulley by a bronze sleeve 
bearing, with a third bearing in the center of the shaft to take up the 
thrust when extremely high forces are applied. 

The two bobs have clearances of 18 and 4 mm., respectively. The 
conditions can be calculated according to the formulas elaborated by 
Mooney and Ewart, and the actual calibrations show that the values 
measured correlated within 8 and 14%, respectively, with the ones cal- 
culated from the dimensions. The differences are caused by such 
things as the neglect of the edge effects of the viscometer. 

The smallest shearing stress already mentioned is 0.1 dyne/cm.?; 
the maximum, 6500 dyne/cm.*. With the two bobs, this instrument 
gives rates of shear between 10~’ and 100 sec.—'. 

The Ferranti-Shirley cone and plate viscometer has a stipulated 
range of rates of shear of 20 to 20,000 sec. —'. 

In the high-pressure capillary viscometer we use six stainless steel 
capillaries of different diameters and different lengths giving ratios 
of length to diameter of 60, 120, and 240. They enable the capillary 
viscometer to measure the flow properties of substances in a range of 
rates of shear from 3 X 10-* to 5 X 10° sec.~' with pressures from 
0.5 cm. Hg to 1400 psi. These pressures give shearing stresses vary- 
ing from 28 to 1,000,000 dyne/cm.*. 

The McKee Consistometer allows one to make measurements at 
rates of shear from 24 to 6.51 X 10° sec.—' by using three different 
capillaries with ratios of length to diameter of 24.0, 63.5, and 107.5. 

The Weissenberg Rheogoniometer can be used, adding reduction 
gears, in the range of rates of shear of 4 X 10-* to 4 X 10? sec.~". 

The flow birefringence instrument can be used in the range of rate 
of shear of 7.9 X 10-* to 3.46 X 10‘ sec.~—' by using three interchange- 
able inner cylinders. 

The dynamic tester has a frequency range of 3.4 X 10~* to 6.17 
cycles per second. 

The viscometers were calibrated using a National Bureau of Stand- 
ards Oil, and these experimentally obtained constants correlated very 
well with those calculated theoretically. 
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The capillary viscometer values were corrected in the well-known® 


way for non-Newtonian flow to insure a comparison with the other 
values. 
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Fig. 2. Flow curve for 11% ethyl] cellulose in cyclohexanone at 25°C. 
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Fig. 3. Dynamic test curves for 11% ethyl cellulose in cyclohexanone at 25°C. 
Ordinate: G’,G” (dynes/cm.*) » (poises). 


4. EXPERIMENTAL RESULTS 
A. 11% Ethyl Cellulose in Cyclohexanone 


In order to show the complete correlation within experimental 
error among our viscometers, we investigated a solution of ethyl cellu- 
lose in cyclohexanone. It was chosen to have a concentration and in- 
trinsic viscosity so that the Newtonian region was well defined and a 
well-developed non-Newtonian behavior could also be observed. 

We investigated this solution in the steady state with the rotational 
viscometer using two bobs, with the capillary viscometer using six 
capillaries, and with the McKee consistometer using three capillaries. 
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The results are shown in Figure 2. Within the precision of the meas- 
urements, all the results fall on one single p—-D curve beginning with a 
rate of shear of 2 X 10-* up to 5 X 10° sec.~', a range of more than 
nine decades. 

It might be noted that in one hundred consecutive runs in the 
McKee consistometer there was no irreversible viscosity decrease 
measured. This indicates that the effects published by Bestul" are 
apparently confined to rubberlike polymers. 

The dynamic behavior of this viscoelastic solution was also in- 
vestigated at 25°C. from 3.4 X 10-* to 16 cycles per second. A 
plunger-type arrangement previously described'? was used. How- 
ever, it was modified to give two interchangeable inner cylinders, one 
giving a gap of 2.40 mm. and the other a gap of 6.40 mm. From 
Figure 3 it can be seen that the mechanical properties—storage modu- 
lus G’, loss modulus G’’, and dynamic viscosity 7—were independent of 
the geometry of the testing arrangement used. The region of the 
initial viscosity was not reached and therefore could not be compared 
with the steady state measurements. 

The ethy] cellulose solution was finally investigated in the Weissen- 
berg Rheogoniometer to check experimentally the distribution of P22 
over the radius. This was done in a different way than the one used 
by Roberts. We have mentioned" that the Weissenberg relation 
Px = P33; can be deduced from Roberts’ experiments without resorting 
to his measurements with three different liquids. 

Experimentally Roberts found: 





Px» = Py = 0 atr=R (2) 
Theoretically from the force equilibrium: 
OP;;/0 Inr = Py — Pe = const. (3) 


for the cone-and-plate arrangement, in which s = constant independ- 
ent of r. The experimental relation is observed for a different force 
than the theoretical one: P2. instead of P;;. 

From all the existing theories the differences of the normal stresses 
are functions of the shear s, or more exactly s*. Therefore they are 
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sometimes called “secondary stresses.” They are constant for a con- 
stant s, which is the case for the narrow cone-and-plate arrangement 
used here. Then quite generally, 


Px» — Ps = const. = Bs? (4) 
Differentiating with respect to In 7 we get 


OP 22 rm OP; 
Olmr Olr 





= 0 (5) 


or using the relations mentioned above we obtain: 
K = Py — Px (6) 
Px» = Py + const. (7) 


The observed relation P2:.: = P;; = Ofor r = R results in: Px» = Py 
and B = 0. 

Jobling developed the formula for the determination of Py — P2 
from the total thrust F of the cone in the following way: 


PF = fF 2er drP,.(r) (8) 
Introducing the relation 
Px(r) = (Pu — Px) In (r/R) (9) 


from eqs. (2) and (3), which was found by Roberts and required by 
Weissenberg for P22. = P33, we obtain, by setting r/R = z: 


F = 29(Pu — Pu)R* Spx In x dz (10) 

















where: 
f le ads = [1 7. ! 
“ Zz in = =) _¥ Ae rap = a 
because: 
x? 1 lz : 
—In x =(0.0 = = —— +0 
2 <0 2 —2/z3 4 
therefore: 


Py — Pn = —2F/rk? (11) 
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F is apressure, Py — P22. a tension, therefore the — sign. We see that 
Jobling’s formula is derived for the logarithmic distribution of P2. 
over the radius. 

Therefore to prove the logarithmic distribution we need only prove 
that eq. (11) holds at a given rate of shear for various radii of the top 
plate. This has been done with two different radii (using two solid 
upper plates and one “‘torque assembly,”’ by which shear stresses could 
also be measured); the results are given in Table I. They show that 
the normal stresses calculated in this way correlate for the two radii, 
hence that the logarithmic distribution of P22. over the radius is con- 
firmed in this new manner. This is in principle similar to the use of 
the volume flowing through the capillary to determine the velocity 
distribution over the radius. Birefringence tests on this solution 
could not be made as it was dark brown in color, due to the cyclo- 
hexanone used. 


Molecular weight calculation 











Concn., , cot 2x) 
g./cm.* °K dr M 
0.1135 ~298 1.01 K 1078 2.85 K 10° 
M = 50,000 
M = Rr SX) 


dr 
R = 8.314 X 10° 
Density = 1.032 g./cm.* 


B. 1.7% Carboxymethylcellulose in Water 


This solution was measured in the rotational viscometer, the Weis- 
senberg Rheogoniometer, and the birefringence tester. The flow 
curve determined with the rotational viscometer covers a range of 
rates of shear from 10~* to 10* sec.—', Figure 4, with an initial vis- 
cosity of 320 poises. 

The Weissenberg Rheogoniometer was primarily used for the in- 
vestigation of the normal stresses at rates of shear of 0.6 to 200 sec. 
using the “torque head.” These data are plotted in Figure 4. 
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Fig. 4. Shear stress and normal stress vs. rate of shear for 1.7% carboxymethyl- 
cellulose in water at 25°C. 
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Fig. 5. Birefringence and extinction angle vs. rate of shear for 1.7% carboxy- 


methylcellulose in water at 25°C. 


The degree of birefringence, An, and extinction angle, x, were 
measured in the birefringence instrument as functions of the rate of 
shear from 10~-' to 2 X 10’ sec.~'. The curves are given in Figure 5. 
The rheogoniometer data are also superimposed on the extinction 




















SOLUTIONS OF CELLULOSE DERIVATIVES 297 


= T (An= meer J 
3} | ° L 
Ss 
fo} x 
so ro} fe 
fof 


ef 
, | bx 





> ‘ C /, xf 

ae | PA 

a oy | d | 

"3 of x 
of 





DEGREE OF BIREFRINGENCE 




















2 
: Loiutiiy Veal! SRE Rete 
10 10? 10? io* 


DIFFERENCE IN PRINCIPAL STRESSES, =j,"5; ond SHEAR STRESS, r (dyn/cm?) 


Fig. 6. Degree of birefringence vs. difference in principal stresses and vs. shear 
stress for 1.7% carboxymethylcellulose in water at 25°C. 


angle curve where 2 cot 2x = (Pu — P2x)/r. The results show good 
correlation between the optical and mechanical measurements of the 
angle x. 
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. 7. Recoverable shear strain vs. shear stress for 1.7% carboxymethylcellulose 
in water at 25°C. 


In order to check the applicability of the stress-optical law, the 
birefringence was plotted against the difference in principal stress as 
well as the shear stress in Figure 6. It can be seen that neither of 
these parameters display a linear relationship with An. The reason 
for this lack of linearity is not completely clear. With polyisobutyl- 
ene‘ a constant coefficient independent of concentration and molecu- 
lar weight was found; this was not the case with another cellulose 
derivative (nitrocellulose® in n-butyl acetate). It would appear that 
the stress-optical law, so defined, applies only to “free-draining”’ 
coils (soft bodies) such as polyisobutylene. 

The plot of recoverable shear versus shear stress, Figure 7, does not 
give a constant shear modulus (“steady state compliance’’) with this 
solution. The amount of solution available was not enough to use in 
the large rotational viscometer to measure the recoil. 


C. Viscose Solutions 


Four viscose solutions were investigated using a Ferranti-Shirley 
viscometer, a capillary viscometer, and a rotational viscometer. The 
Ferranti-Shirley measurements were carried out at the American 
Viscose Corporation by Mr. E. G. Lendrat at the same time as the 
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capillary viscometer measurements at the Franklin Institute, to 
insure equal aging. All of the curves showed very close coincidence in 
the whole range of operation of all three viscometers. One curve in 
particular (Fig. 8) showed no deviation at all. In all of the viscose 
solutions investigated, an initial viscosity was obtained at rates of 
shear between 10 and 100 sec.~' which was between 40 and 100 poises 
at 25°C., although the measurements extended down to 0.3 sec.~'. 

At high rates of shear the Ferranti instrument tended to splash the 
material around due to centrifugal force, so its range was limited to 
rates of shear of 10' to 3 X 10*sec.~'. The flow curves were very simi- 
lar to the ones published by Philippoff and Krueger in 1940. Due to 
the larger available range in D an S-shape was found, which is charac- 
teristic for high polymer solutions. 

The question of the recoverable shear was investigated on a similar 
viscose using the large rotational viscometer which for this purpose 
was sprayed with acrylic lacquer. The measurement of the flow 
curves was possible in the range of rates of shear from 10-* to 10 
sec.~' and showed a Newtonian behavior in this range. This is di- 
rectly comparable to the results reported above. The investigation 
of the recoil showed a considerable amount of scatter, but where it 
was possible to measure it gave values of s~0.1. The measurements 
were exceedingly difficult to perform, especially because the viscom- 
eter was made of aluminum. The danger of corrosion prohibited 
a longer investigation. 


5. DISCUSSION 


The results described show very definitely the experimental possi- 
bility of measuring the mechanical properties of viscoelastic liquids 
independent of the geometry or type of loading when the measure- 
ments are performed in the same range of mechanical variables. 
This is true whether in the Newtonian or non-Newtonian flow region, 
in steady state or under dynamic conditions. 

Also, the proof of the equality of the mechanical orientation angle 
measured in the Weissenberg Rheogoniometer and the extinction 
angle measured in a birefringence instrument has been extended to 
include these cellulose derivatives in addition to the previously pub- 
lished results on polyisobutylene and nitrocellulose solutions. 
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The use of plates of two different radii for the measurements of the 
normal stresses supplied additional evidence for the reported loga- 
rithmic distribution of the normal stress P:: over the radius of the 
cone-and-plate arrangement which together with a separate theoret- 
ical treatment contributed toward an understanding of the relation 
Px» = Py. All the solutions reported had comparatively small values 
of s ~ 1. Under these conditions, the complications of capillary 
measurements with large values of s discussed in the accompanying 
article were below the experimental sensicivity or scatter of the in- 
struments used. 


The authors wish to thank the U. 8. Army Chemical Warfare Laboratories, 
Army Chemical Center, Edgewood, Maryland, and the American Viscose Cor- 
poration, Marcus Hook, Pennsylvania, for the support which made this work 
possible. 

The authors also sincerely thank Mr. Gwynn McConnell who carried out most 


of the capillary measurements and Mr. Richard Keyser who did the work with the 
dynamic tester. 
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Synopsis 


An investigation of the rheological properties of solutions of various cellulose 
derivatives in different solvents has been carried out in order to correlate the 
measurements using different instruments. In each investigation several of the 
following instruments, representing a variety of geometrical configurations, were 
used: (1) a coni-cylindrical viscometer, (2) a high-pressure capillary viscometer, 
(3) a birefringence tester, (4) a Weissenberg Rheogoniometer, (5) a McKee Con- 
sistometer, and (6) a Ferranti-Shirley Viscometer. The results clearly prove the 
independence of the mechanical properties of the solutions from any particular 
geometry when the measurements are performed in the same range of mechanical 
variables. 
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Abstracts of Additional Papers Presented at the 
Society of Rheology Meeting, 
November 7-9, 1957 


Flow Phenomena with Oleogels 


A. BONDI 


Shell Development Company, Emeryville, California 


The flow properties of oleogels (= oils gelled by small organic or 
inorganic particles) are not uniquely characterizable for two reasons: 
(a) the flow properties change with time as a function of mechanical 
history of the sample, and (b) flow at the apparatus-gel interface can- 
not be neglected, relative to bulk movement of the gel, especially at 
shear stresses of the order of the initial yield point. 

Time effects occur at essentially three levels of time scale. The 
application of shear stresses of the order of the yield stress for several 
seconds to minutes may result in strain acceleration which passes 
through a maximum (Fig. 1). In some instances negative strain 
acceleration (hardening) is observed. A true steady-state strain 
rate is rarely observed. The yield stress of the gel is generally re- 
duced by preceding flow measurements. 

Shearing at high strain rates, i.e., with shear stresses of the order of 
10 to 100 times the yield stress, causes drastic reductions in the in- 
stantaneous flow resistance (Figs. 2 and 3) of the gels (and in the 
size and density of its structural components'). Interruption of 
the shear degradation leads to slow, usually partial, recovery of flow 
resistance during prolonged rest periods. 

The dielectric constant of gels composed of anisometric and aniso- 
tropic particles changes (usually decreases) as shear is applied, as 
one would expect to result from the flow orientation of the gel par- 
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Fig. 1. Change in strain acceleration with time of stress application (in Couette 
viscometer) for three different oleogels. The curves are numbered with the con- 
stant shear stresses (dynes/cm.*) applied. 


ticles.? Strangely enough, this orientation effect decays instantly as 
shearing ceases, whereas one would have expected, from the particle 
dimensions and from substrate viscosity, decay periods of the order 
of 100 sec. or more. 

These observations might be reconciled by the hypothesis that 
oleogels are sheared along (irregular) planes of structural weaknesses, 
so that lumps with relatively strong internal structure flow past each 
other. Elastic deformation of the structure within each lump causes 
the observed dielectric constant reduction, and the stored elastic 
energy restores the random configuration of structure components 
as shearing stops. The size of the “lumps” decreases with increasing 
shear stress and duration of shearing. There is some evidence* that 
the “primary”’ gel structure components flow as independent particles 
at very high (“infinite’’) shear stress. 

Flow at the apparatus-gel interface is evident as yielding far below 
the bulk yield stress of the gel, described by Bonner and Blott*‘ as 
“first yield point.” Both the first and the second yield points are 
observed in the concentric cylinder and the capillary viscometer. The 
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Fig. 3. Change in consistency (expressed as apparent viscosity at ¢é = 1 sec.~') 
with time at high shear rates. Typical for soap fiber gels. 











306 ABSTRACTS 


first yield point probably represents yielding in the gel-apparatus 
interface. Over a short shear stress range between the first and 
second yield points, pseudo-Newtonian flow is often observed. The 
gel plug seems to slip on a layer of oil and gel debris. 

One of the most striking memory effects in gels composed of aniso- 
metric particles (e.g., soap fibers) is the large increase in yield stress 
(and flow resistance) as one reverses the direction of rotation in a 
Couette viscometer. A similar effect has been reported by Vino- 
gradov’ for the reversal of flow in a capillary. 

The above-mentioned complications in flow measurements on oleo- 
gels, while quite understandable in terms of the weak forces which 
hold the gel structures together, rather discourage the search for 
general principles governing quantitative rheology of such systems. 
The utility of empirical gross descriptions of flow curves by means of 
various methods proposed in the literature is not affected by these 
observations. They only serve as a warning to those looking for more 
detailed answers. 


References 


1. (a) Bondi, A., Moore, R. J., and Peterson, W. H., /nstitute Spokesman, 
1950 (3), 12. 
(b)Moore, R. J., and Cravath, A. M., Ind. Eng. Chem., 43, 2892 (1951). 
(c)Peterson, W. H., Accinelli, J. B., and Bondi, A., Lubrication Eng., 12, 45 
(1956). 
2. Bondi, A., and Penther, C. J., J. Phys. Chem., 57, 72 (1953). 
3. Moses, E., and Puddington, I. A., Can. J. Res., B27, 616 (1949). 
4. Bonner, W. B., and Blott, J. F. T., Proc. Intern. Rheol. Congr., 1948, 11-265. 
5. Vinogradov, G.., et al., Neftyanoe Khoz., 25, (12), 47 (1947); 26 (1), 52 (1948). 


Theory of Peeling through a Hookean Solid 


J. J. BIKERMAN 


Department of Civil and Sanitary Engineering, Massachusetts Institute 
of Technology, Cambridge 39, Massachusetts 


When the adhesive is a Hookean solid and the adhesive joint be- 
tween a rigid plate and a flexible ribbon is peeled, the force required 
for peeling is 0.3799 wo (E/E,)'’* &* yo’*, if w denotes the width of 
the ribbon, o the tensile strength of the adhesive, F and E, the moduli 
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of elasticity of the ribbon and the adhesive, respectively, 6 the thick- 
ness of the ribbon, and yp the initial thickness of the adhesive film. 
If 5 = yo, the ratio of tensile force to stripping force needed for sepa- 
ration is of the order of l/yo, 1 being the length of the ribbon. 


[Published in J. Appl. Phys., 28, 1484 (1957).] 


The Coalescence of Latex Dispersions 


GEORGE L. BROWN 


Research Laboratories, Rohm & Haas Company, Philadelphia, 
Pennsylvania 


The process of coalescence of discrete polymer particles into a con- 
tinuous polymer film is governed by the flow processes of the disper- 
sion and of the polymer. It is proposed that the particles are brought 
into juxtaposition and then fused under the influence of the evapo- 
rating water, which acts by virtue of the adhesive force (between the 
polymer surface and the water) and the cohesive (tensile) strength 
of the water. This “capillary force’ must be sufficient in magnitude 
and duration to overcome the resistance of the particles to deforma- 
tion. An approximate mathematical solution is proposed. 


Mechanical Resonance Dispersion in Crystalline Solids at Audio- 
Frequencies 


EDWIN R. FITZGERALD 


Department of Physics, The Pennsylvania State University, University 
Park, Pennsylvania 


Measurements of the complex shear compliance (J* = J’ — iJ”) 
of various crystalline solids at closely spaced frequencies in the audio- 
frequency range have resulted in the discovery of multiple frequency 
dispersions of the resonance type. Values of the loss compliance 
(J”) have sharply defined maxima in the region from 100 to 5000 
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cycles/sec.; values of the storage compliance (J’) rise to a maximum 
and then drop to pass through a minimum as a narrow (50 to 100 
cycles/sec. wide) dispersion region is traversed in the direction of 
increasing frequency. Pure polycrystalline metals, crystalline poly- 
mers, and inorganic crystalline compounds have been found to exhibit 
the effect. The results indicate the presence of a dispersion mecha- 
nism different from those leading to the relaxation dispersions pre- 
viously found for polymers and metals. The magnitudes and loca- 
tions of the resonances depend on the static stress history and state 
of the material as well as temperature. In some cases the resonances 
are removed by annealing at a raised temperature (e.g., 150°C. for 
lead) and can be reintroduced by slight coid working. The depend- 
ence of the effect on static stress history suggests that motions of dis- 
locations or other imperfections in the crystalline structure may be 
important in producing this type of dispersion. At present, however, 
there is no satisfactory explanation for these phenomena. In addi- 
tion to their theoretical implications, the results are of considerable 
practical importance since they indicate that certain materials may 
undergo large changes in mechanical properties at a particular fre- 
quency or frequencies. 


The Low-Temperature Transition in Polytetrafluoroethylene 


N. G. MeCRUM 


Polychemicals Department, E. I. du Pont de Nemours & Co., Inc., Du 
Pont Experimental Station, Wilmington, Delaware 


The internal friction and torsion modulus of polytetrafluoroethyl- 
ene have been measured from —160 to —40°C. The experiment 
proved unambiguously that there is a transition in the region of 
— 100°C. (1 cycle/sec.) and that it occurs in the amorphous regions of 
the polymer. A comparison is made of the experimental measure- 
ments with the predictions of a standard linear solid model. 


[To be published in J. Polymer Sci.] 
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The Steady Flow of a Slightly Viscoelastic Fluid between Rotating 
Spheres 


WILLIAM E. LANGLOIS 


Polychemicals Department, E. I. du Pont de Nemours & Co., Inc., Du 
Pont Experimental Station, Wilmington, Delaware 


The following case is considered: An incompressible, slightly visco- 
elastic fluid is contained between two concentric spheres which rotate 
slowly about a common axis of symmetry with different constant 
angular velocities. The motion thereby produced in the fluid is 
quite different from that which would result if the space between the 
spheres were filled with a Newtonian fluid. In addition to the rotary 
flow about the axis of symmetry, a secondary flow occurs in the me- 
ridianal planes. The feasibility of designing a rheometer based upon 
this fluid motion is discussed. 


Use of Viscosity Measurements for Study of Entanglement in Polymer 
Solutions 


S. H. MARON, N. NAKAJIMA, and I. M. KRIEGER 


Department of Chemistry and Chemical Engineering, Case Institute of 
Technology, Cleveland, Ohio 


Application of the Ree-Eyring theory to the non-Newtonian flow 
of polymer solutions permits separation of the contribution of solvent 
to the total viscosity of the solution. From a study of this solvent 
contribution as a function of polymer concentration, it is possible to 
evaluate a “swelling factor,’ and to study the effects of solvent, poly- 
mer concentration, and temperature upon this factor. 

Such a study has been made with solutions of polystyrene in a 
number of solvents at several temperatures. The results obtained 
permit deductions to be made with respect to the state of entangle- 
ment of the polymer chains as a function of the above variables in 
both dilute and concentrated solutions. 
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Flow Experiments with Special Capillaries in the McKee Worker- 
Consistometer 


HOBART 8. WHITE and HARRIET V. BELCHER 
National Bureau of Standards, Washington, D. C. 


The McKee worker-consistometer consists essentially of two coaxial 
steel cylinders and mating pistons with a capillary shearing element 
between them. The material being tested is forced repeatedly through 
the shearing element, back and forth from one cylinder to the other. A 
special shearing element with a tapered capillary has been constructed, 
and flow data obtained with it have been compared with data obtained 
with a uniform bore capillary and a uniform bore capillary chamfered 
at oneend. With polyisobutene-cetane solutions, degradation occurs 
at lower rates of flow and persists for a greater number of passes with 
flow entering the smaller end, compared to flow entering the larger 
end, of the tapered capillary. When degradation occurs in both direc- 
tions at high rates of flow, the pressure is larger for flow entering the 
larger end, though after degradation has ceased the pressure (used to 
overcome viscous resistance) is less for flow in this direction, compared 
to flow entering the smaller end in each case. 


Cooling Time of Strong Glass Fibers 


0. L. ANDERSON 
Bell Telephone Laboratories, Inc., Murray Hill, New Jersey 


Simplified equations for the cooling time of glass fibers to the solid 
state are deduced from the well-known general theory of heat conduc- 
tion. The approximations made are based upon a value of the order 
of 1 for Nusselts number. This value of Ny holds for comparable 
metallic fibers, as measured by Mueller, and is assumed to hold for 
glass fibers. The relation of pulling speed and flow rate to cooling 
time is shown. Calculations of cooling time of typical glass fibers 
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are made, and it is observed that they are of the same order as the 
Maxwell relaxation time of the glass at the orifice temperature. The 
consequence of this correlation is discussed in termsof the high strength 
of fibers, and the high “fictive” temperature of fibers. 


[Published in J. Appl. Phys., 29, 9 (1958).] 


The Viscosity of Gases 


J. ROSS and R. V. HANKS 
Department of Chemistry, Brown University, Providence, Rhode Island 


Measurements have been made of the absolute viscosity of some 
gases in a new capillary flow viscometer as a function of temperature 
in the range of —78 to 100°C. and as a function of pressure in the 
range of 5-200 atm. The apparatus permits the determination of the 
viscosity as a function of flow rate at a given temperature and pres- 
sure. The precision of the measurements is of the order of 0.02% 
and the accuracy is estimated to be better than 0.1%. 


Shear Rate Dependence of the Viscosity and Elastic Compliance of 
Polymer Melts—Correspondence with a Hydrodynamic Theory of 
Viscoelastic Flow 


R. H. BOYD 


Polychemicals Depariment, E. I. du Pont de Nemours & Co., Inc., Du 
Pont Experimental Station, Wilmington, Delaware 


The variation of viscosity and steady state elastic compliance with 
shear rate of several typical polymer melts has been measured. The 
results are compared with the predictions of a hydrodynamic flow 
theory proposed by Y. H. Pao [./. Appl. Phys., 28, 591 (1957)]. The 
agreement is satisfactory. 


[Published in J. Appl. Phys., 29, 953 (1958) 
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Stress Relaxation in Glass 


I. L. HOPKINS 


Bell Telephone Laboratories, Inc., Murray Hill, New Jersey 


Successive stress relaxation experiments on glass both at and below 
the fictive temperature show that in the latter case there is a gradual 
change in the glass during the test, resulting in this narticular instance 
in a change in the total viscosity of over ten times. [If it is assumed 
that the change in the glass is a shift of the relaxation spectrum with 
time, such that all the relaxation times are multiplied by the same 
function of time—analogous to the ar of Ferry and the K(T’) of Tobol- 
sky associated with a temperature change—it is possible to find the 
manner in which this factor changes with time. 

If the glass is preconditioned at constant temperature, not under 
stress, for a time sufficient to reach approximate equilibrium and a 
relaxation test then made, the relaxation curve differs in shape from 
those obtained from successive runs on another specimen of the same 
material which has been continually under stress. The latter curves 
have a greater negative slope than the former. This suggests that 
some structural change—perhaps devitrification—is inhibited by the 
presence of stress. 


Fracture of Non-Newtonian Fluids at High Shear Stresses 


A. B. METZNER 
University of Delaware, Newark, Delaware 


While the fracture of polymer melts during extrusion has been the 
subject of several recent papers, no similarly quantitative data have 
been reported on suspensions of solids in liquids. This paper pre- 
sents such data on TiO, suspensions in water and syrups. 

Theories of the fracture phenomena of fluids are reviewed in the 
light of all available data. No definite choice of only one theory 
may be made at this time, but several theories are shown to be at 
sufficient variance with experimenta! facts to warrant their rejection. 
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Corrigenda 


A Stochastic Process Model for Mechanical Breakdown 


[Trans. Soc. Rheology, 1, 153-168 (1957)] 


BERNARD D. COLEMAN 


Mellon Institute, Pitisburgh 13, Pennsylvania 


Equations (10) and (15) should read as follows: 


pyin(t | f)dt = } i ON.n,j Aw,j@ >*N-#* dt (10) 
j=N 
n 
Ey,,{e™} ° Ha — ip/rw,4) (15) 
j=l 


The condition for the convergence of all of the integrals in eqs. (22) was incor- 
rectly stated in the sentence which includes eq. (23), (page 160). This sentence 
says that the integrals in eqs. (22) will converge if 


lim k(f/y) > © (23) 
y—0 


at least as fast as (f/y)*, « > 0. This condition is necessary for the convergence 
of all the integrals, but is not sufficient. It is sufficient for (22a) but not for (22b) 
and (22c). Actually, a sufficient condition which is strong enough to apply to 
all three of these integrals is obtained if we say that the limit shown in eq. (23) 
must be approached at least as fast as (f/y)’’*+*. This new condition will still be 
met by any real physical system. 

The convergence of the integrals in eqs. (22) implies that 


lim Ey,:{t} < @ (a) 
N- @ 
tim ona/Ena\t} = O(N-'*) +0 (b) 
jim pwa®/ona® = O(N-"*) +0 (ec) 
iim Eva{|t — Ewa{t}|*}/owa*? = O(N-'4) +0 (d) 
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The last of the above equations is the hypothesis in Liapounoff’s form of the cen- 
tral limit theorem. In other words, equation (d) implics that the distribution of 
lifetimes is normal (Gaussian) for separate slabs. In the original article it was 
stated that the distribution of lifetimes is normal, but equation (d), which is 
needed to make this statement evident, was not given. Equation (d) is easily 
derived directly from (b) and (c) through the use of the fact that ¢ is always >0, 
and therefore, Ey,{|¢ — Ewalt}|*} < Ewal(t + Ewaft})*}. Equations (a), 
(b), (c), and (d) are, of course, all valid when k(f) = a exp | @f}. 
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